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SYNOPSIS 


of the 
Ph^D# Thesis 
on 

Numerical Treatment of Singularly Perturbed 
Two Point Boundary Value Problans 

by 

Yanala Naxsimha Reddy 
Department of Mathematics 
Indian Institute of Technology 
Kanpur, INDIA, 

April, 1986. 

In this thesis, we have proposed and illustrated some 
efficient and simple numerical techniques for solving singularly 
perturbed two point boundary value problems in o:niinary differen- 
tial equations;^* 

Chapter 1 presents introduction, a brief survey of the 
asymptotic and numerical analysis of singular perturbation 
problems and sxmmary of the wrk included in the present thesis^ 

In Chapter 2, an approximate method for the numerical 
integration of a class of linear singularly perturbed two point 
boundary value problems with a boundary layer on the left end 
of the underlying interval is presented# This method does not 
depend on asymptotic expansions. The original second order 
differential equation is replaced by an approximate first order 
differential equation of neutral type with a small deviating 
argument. Then, the trapezoidal formula Is used to obtain the 
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three*-t erm recurrence relationship^ Discrete invariant inbedding 
algorithm is used to solve the tridiagonal algebraic systan# 

The stability of this algorithm is investigated* The proposed 
method is iterative on the deviating argument* Some numerical 
examples have been solved to denonstrate the applicability of 
the method* 

A nonasymptotic method for solving linear singularly 
perturbed two point boundary value problems -with a boundary 
layer on the left end of the interval is presented in Chapter 3* 
This is an alternative method to that of Chapter 2# and also 
simpler than that method* The method is distinguished by the 
following fact : The original second order differential 
equation is r^laced by an approximate first order differential 
equation with a small deviating argiiment^r and solved efficiently 
by employing the Sixrp son's rule coupled with discrete invariant 
imbedding algorithm* The proposed method is iterative on the 
deviating argument* Some numerical experiments have been 
included to demonstrate the efficiency of the method^ 

In order to know the behavior of the solution of a 
singular perturbation problem it is always suggestive to divide 
the problem into two problems and to solve them s^arately* 
Keeping this in mind^ a new approach based on the method of 

i 

inner boundary condition is presented in Chapter 4* The method 
is distinguished by the following facts : The original problem 
is partitioned into inner and outer region differential equation 
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systons* Asynptotic ej^ansion is used to obtain the terminal 
boundary condition,. Using an appropriate transformation^ a 
new inner region problem is obtained and solved as a two point 
boundary value problem* The derivative boundary condition at 
the terminal point is then derived from the solution of the 
inner region problem* Using this condition, the outer region 
problem is efficiently solved by employing the classical second 
order central finite difference scheme* The proposed method 
is iterative on the terminal point of the inner region# Scxne 
test examples have been solved to illustrate the method and 
the conputational results are compared with exact solutions* 

In Chapter 5, a boundary layer techni<^e is presented 
for a class of linear singular perturbation problems* It is 
motivated by the asymptotic behavior of the singular perturbation 
problem* As in Chapter 4, the original problem is divided into 
inner and outer region problems* However, asymptotic e^^ansions 
are not employed* The reduced problem is solved to obtain the 
terminal boundary condition* Then, a new inner region problem 
is created and solved as a two point boundary value problem* 

In turn, the outer region problem is also modified and the 
resulting problem is efficiently solved by employing the 
trapezoidal formula coupled with discrete invariant imbedding 
algorithm* This technique is also iterative on the terminal 
point of the inner region* Numerical experience with three 
examples is reported* 



In Chapter 6, two terminal boundary value techniques 
are presented for linear singular perturbation problans.# These 
involve a modification of the singular perturbation problan so 
that any suitable existing standard numerical method can be 
employed on the modified problem# As usual, the original problem 
is divided into outer and inner region problems# Two techniques 
are introduced to obtain the terminal boundary condition in the 
implicit form# Then, the outer region problem is solved as a 
two point boundary value problem and an explicit terminal 
boundary condition is obtained# In turn, the inner region 
problem is modified and solved as a two point boundary value 
problen using the e^^licit terminal boundary condition# Three 
numerical examples are included to Illustrate these techniques# 

An approximate method for solving a class of singular 
perturbation problems is presented in Chapter 7# It is designed 
on the basis of the asymptotic behavior of the singular 
perturbation problem# As with other methods, the given region 
is divided into inner and outer regions# The original second 
order problem is r^laced by an asymptotically equivalent first 
order problem and solved as an initial value problem in the 
inner region# A terminal boundary condition is then obtained 
fron the solution of the inner r^ion problem# In turn, an outer 
region problem is obtained, by replacing the seconsl order 
differential equation by an approximate first order differential 
equation with a small deviating argument, and solved efficiently 
by employing the trapezoidal formula coupled with discrete 
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invariajit Imbedding algorithm# Several numerical examples 
have been solved to demonstrate the applicability of the method# 
Finally the method is extended to a more general class of 
problems# Again one numerical example is solved in this 
general class# 

In Chapter 8 , an initial value technique, which is 
simple to use and easy to implement, is presented for a class 
of nonlinear singular perturbation problems with a boundary 
layer on the left end of the interval# It is distinguished by 
the following fact ; The original second oarder pTOblem is 
replaced by an asymptotically equivalent first order problem 
and solved as an initial value problem# Numerical e3<perience 
with several examples is described* 

A boundary value method for a class of nonlinear 
singular perturbation problems is presented in Chapter 9# By 
constructing a modified problem with a boundary layer correction, 
a discussion on how to deal with the boundary layer s^arately 
is presented# The proposed method is iterative on the terminal 
point of the boundary layer region* Several numerical examples 
are discussed to illustrate the method# Finally, a lower bound 
for the terminal point of the boundary layer region is obtained 
in terms of the perturbation parameter# 

Finally in Chapter 10 , the nonasyrrptotic method 
developed in Chapter 3 has been extended for solving general 
linear singularly perturbed two point boundary value problems# 
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Firstly, problems with a right end boundary layer have be«i 
discussed* Secondly, problems with an interior layer have 
been discussed# Finally, problems with two boundary layers 
have been discussed# Numerical esgserience with the method for 
some model problems is also reported to confirm the theoretical 
analysis# 

In a nut-shell, the numerical methods presented in 
this thesis for solving singularly perturbed two point boundary 
value problems in ordinary differential equations have been 
shown to be efficient over the conventional methods;# Above 
all, these methods are conc^tually simple, easy to use, and 
are readily adapted for computer inplementation with a modest 
amount of problem preparation# Several model linear and 
nonlinear problems have been solved and numerical results are 
presented in respective chapters# It is observed that the 
accuracy predicted can always be achieved with very little 
computational effort. All the numerical results, presented in 
this thesis, have been computed on DEC-1090 computer system at 
I IT Kanpur# 



CHAPTER 1 


INTRODUCTION 

1^1 GENERAL 

The academic efforts approach more and more the 
engineering interests of methods for solving real-life problems 
such as the Navier— Stokes equations with large Reynolds number* 

The Navier-Stokes equations, thanks to the Reynolds number, had 
beccwne one of the most striking examples of singular perturbations, 
leading to the idea of boundary layer, due to Prandtl* Prandtl's 
theory (developed later on in a more rigorous and consistent 
way) provides a beautiful mathematical tool for the Investigation 
of practical problems# Still, it is unable to explain some 
other phenomena, such as the appearance of turtulent flows (a 
well known boundary layer paradox)* Hence, there was a division 
among the fluid dyn amidst s* In the book by Garrett Birkhoff ; 

Hydrodynamics a study in logic, fact and similitude^, one comes 
ac 3 X>ss the following witticism ^ fluid dynamiclsts were divided in- 
to hydraulic oiglneers who observed \/^at could not be explained, 
and mathematicians who explained things that could not be 
observed"# The developments of the small parameter methods led 
to its efficient use in other fields of applied mathanatics* 

Here, one can mention, for instance : fluid mechanics, fluid 
dynamics, elasticity, quantum mechanics, plasticity, chemical 
reactor theory, aerodynamics, plasma dynamics, magneto hydro 
dynamics, rarefied-gas dynamics, oceanography,meteorologyjf 
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diffraction -theory^ reaction-diffusion process, non-equilibrium 
and radiating flows and other domains of the great vjorld of 
fluid motion* A few notable examples are boundary layer problans^ 
WKB problans, the modelling of steady and unsteady viscous flow 
problems with large Reynolds number, convective heat transport 
probl ao^s with large Peclet nximber etc* The problans to be 
treated by means of asymptotic analysis and numerical analysis 
are beccming progressively, more and more cor^licated* A new 
turning point in the development of asymptotic analysis occured 
with the introduction of numerical analysis to singular 
perturbation problems* This cc»nbination turns out to be an 
efficient mathematical tool to investigate asymptotic phenomena 
in cpplied sciences* It is done, a second small parameter h took 
its place next to the big brother e* 

The object of this chapter is to present a brief survey 
of the asymptotic and numerical analysis of singular perturbation 
problems* The basic purpose of this study is to find out what 
problems are treated and what asymptotic/ numerical methods are 
employed, with an eye toward the goal of developing efficient 
and sinple numerical techniques to solve singular perturbation 
problems* A summary of some recent methods is presented, and 
this leads to conclusions and recommendations about what methods 
to use on singular perturbation problems* Finally, some areas 
of current research are indicated, and summary of the work 
included in this thesis is presented* 
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1*2 AS'MPTOTIC ANALYSIS OF SINGULAR PERTURBATION PROBLEMS 

Singular Perturbactions^ now ( today) ^ is a maturing 
inath€n»atical subject with a fairly long history and a strong 
promise for continued inportant applications throughout science 
and engineering^. Though the basic intuitive ideas involving 
local pat<dtiing of solutions can be found in early work by 
Laplace^ Kirchhoff and others, Prandtl's [l24] paper at the 
1904 Leipzig Mathematical congress began the study of the 
fluid dynamical boundary layers by analyzing viscous incompress- 
ible flow past an object as the Reynolds number (R) becomes 
infinlte£* The distinguishing feature of 'Singular Perturbation 
Problon' occurs viz* a thin region near the solid boundary 
where the velocity changes from zero (as required by the no 
slip condition) to an outer flow which is essentially inviscid^* 
Ej^pressed mathanatically the solution converges nonuniformly in 
the domain as a parameter s = ^ tends to zero^* In the interests 
of clarity# we give briefly the definition of a singular 
perturbation problem in its simplest and most widely used fonrij* 
Consider a two point boundary value problem Pg depending on a 
small positive parameter e(0<8«l)# Under some conditions 
a solution YgCx) of Pg can be constructed by the well known 
method of perturbation -i— i#e* as a power series in e with first 
term y^ being the solution of the problem Under the happiest 

circumstances# this perturbation method leads to altogether 
satisfactory results* This series cannot often be presumed to 
uniformly converge# particularly for small values of e# in the 
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entire intervals When such an es^anslon converges as e 0, 
uniformly in x* one speaks then of a 'Regular Perturbation 
Problem'# On the otherhand^ when yg(x) does not have a uniform 
limit in X as e -* O, this straight forward perturbation method 
falls and as a consequence of this nonuniformity one may 
miscalculate or even lose essential results/ one then speaks 
of a 'Singular Perturbation Problem'* A singular perturbation 
problem is best defined as one in which no single asymptotic 
e^ansion is uniformly valid througliout the interval/ as e >• 

The prototype of singular perturbation problem is Prandtl's 
boundary layer theory# By definition/ the boundary layer is a 
narrow region where the solution of a differential equation 
changes rapidly and the thickness of the boundary layer must 
approach zero as e (small positive dimoisionless parameter/ 

O < e « l) tends to zero^ In a recent book review/ O'Malley 
[llSj gives an erudite outline of the history of singular 
perturbations/ starting frOTi Prandtl's fl24j paper on fluid 
dynamical boundary layers# This article (O'Malley [lls] ) will 
remain as one of the most readable sources on asyrrptotic methods 
for singular perturbation problems* In the first part of the 
20th century/ analysis of asymptotic solutions to linear 
ordinary differential equations progressed through the work of 
Birkhoff [ 24 ]/ Langer [90]/ and others, with significant work 
on turning point problons being done by physicists Wentzel [l47]# 
Krammers [86], Brillouln [ 28 ] and others# Friedrichs and his 
stud^t Wasow seem to be the first mathenaticians to Initiate 
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a prolonged study of the asyfnptotic solution of singularly 
perturbed boundary value problems* Their wrk was motivated 
by an analysis of the edge effect for buckled plates# they first 
used the term ^Singular Perturbations' in print in the title 
of Friedrichs and Wasow [SS] * Other mathematicians^ including 
Levinson [9 3]# Tikhonov [l37] and Vasileva and Volosov [l39]# 
began studying related problems soon afterwards* Levinson 
began a study of wide spectrum of important topics in singular 
perturbations and made intuitive contributions to singular 
perturbations (before the mid- 19 50' s) together with a number 
of promising students and young collaborators including 
Coddington# Davis# Platto# Haber and Levin;# The Russian school 
also did outstanding work on many subjects including boundary 
layer methods — Vishik and Lyustemik [l44]* Prom around 
1950#fluid dynamlcirt* solved some very interesting physical 
problans like the linoleum-rolling problem — - Carrier [29] and 
low Reynolds number flow past bodies •* K^laun [79#8o] » At 
Caltech's Guggenhelum Aeronautical Laboratory# Lagerstrcm# 

Cole# Latta , Van Dyke# Kaplaun and others became equally 
involved in asymptotic expansion procedures for more general 
singular perturbation problons* A (over— sirtplif led) matching 
procedure was presented in the book of Van Dyke [l38]# The 
straight forward recipe he provided made it easy for tremendous 
variety of scientists to learn the rudiments of matching and 
to the important problems In their own disciplines# The basic 
idea# much as in Friedrichs early and Erdeyli [5lJ lectures# 
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involved an asymptotic matching of the inner and outer esqpansions 
at the edge of the boundary layer^, where they should both be 
appropriate^ Cole [34] stressed the limit process e^cpansions 
and two timings in a context far broader than fluid mechanics^ 
Indeed the results obtained through matching generally coincided 
with those Icnown through the intuitive folkways of the various 
fields* Wasow [145] placed the singular perturbations in the 
contexts of the analytic theory of differential equations* By 
1970^ courses in perturbation methods became common in science^ 
engineering and applied mathematics departments, and inevitably 
a string of text books and high level monographs began to appear* 
They include, O'Malley [ll3], Nayfeh [l06, 107], Van Dyke [iss]. 
Bender and Orszag [22], Kevorkian and Cole [84], Bellman [is]. 
Bellman and Cooke [20], Eckhaus [43,44], Eckhaus and de Jager [45], 
Miranker [l03], Doolan et al* [38], Kaplaun [SO] , Erdelyi [50], 
Dingle [37] Carrier and Pearson [30], Ames [ 3 ], Na [lOS], 
El'sgol'ts and Norkln [48], Driver [42], Aziz [l4] , Willoughby 
[l48] , Arderaa [5], Verhlust [142,143], Childs et al* [31], 

Hughes [75], Meyer and Barter [97], Brauner et_ al, [27], Hanker 
and Miller [66], Axelsson et al* [l2]. Miller [100,101,102]* 

1*3 NUMERICAL ANALYSIS OF SINGULAR PEKCURBATION PRDBLByiS 

As we mentioned. Numerical analysis and Asymptotic analysis 
are two principal approaches to singular perturbation problans|# 

It is a little surprising that there has not been more interaction 
between these approaches* In our opinion, this is because the 
goals and the problait class are rather different* At the risk 
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of gross over-simplification, . we would say that numerical 
analysis tries to provide quantitative Information about a 
particular problem, whereas asymptotic analysis tries to gain 
insight about the qualitative behavior of a family of problems 
and only semiquantitatlve information about any particular 
member of the family* Numerical methods are intended for broad 
class of problems and are Intended to minimize demands upon 
the problem solver* Asymptotic methods treat cat^aratively 
restricted class of problems and require the problem solver to 
have some understanding of the behavior of the solutions ej^jected* 
To the extent that the goals are different, the approaches do 
not overlcp^ Wh^ they do overly, they toid to be conplementary* 
The problems and methods of singular perturbation theory are 
of unquestionable value in this area right now, and they hold 
great promise for the future* As soon as an asymiptotic analysis 
is valid and a few terms in the asyrrptotic e>ipanslon describe 
the solution sufficiently accurate, one usually can rely on 
standard techniques to obtain the solutions* As soon as an 
asymptotic analysis is difficult to handle or perform badly, 
one usually asks for numerical analysis for solving singular 
perturbation problems* However, the numerical analysis of 
singular perturbation problems mainly concentrates on the 
following question : how to find a numerical approximation to 
the solution for small values of the parameter e(=t). where 
no short asymptotic ejqpanslon is available,* Numerical treatment 
of singular perturbation problems has always been far from trivial. 
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because of the boundary layer bdhavlor of the solutions# However# 
the area of singular perturbations is a field of increasing 
interest to applied mathematicians. Pearson [l22] was perhaps 
the first to attempt scmething like net adjustments in difference 
schemes while treating singular perturbation problens. Basically# 
his idea was to use a variable mesh width# Based on the classical 
three-point difference scheme for a non-uniform mesh^ Pearson 
gives the numerical solution of a great variety of singular 
perturbation problems of the form 


I* [y] = e y^Cx) + a(x)y'(x) + b(x)y(x) = f(x)# Cl#l) 

for -1 < X < 1 with y(-l) = A and y(1) = B (Is? 2) 

where e is a small positive parameter (O < s « 1)# He used a 
siirple variable mesh approximation 

" Piqi(Pi+gi) ^ Pi<3i(pi+qi5 


+ b(x^)y^ w f(xji^) 


(1#3) 


where 


Pi = ==i+i"’'i = 


= x#-Xj_.. This is a first order 


^1 ^i-1^ 

approximation# if we assume the mesh ratio qj/p^ as constant# 

A difficult solution procedure is followed# which finally 
requires a few thousand mesh points in the interval [-I#!]# The 
mesh must be pasop.ecly chosen so that the solution of the 
differeice equation approximates that of the differential equation* 
This is accorrplished by iteratively adjusting the mesh spacing 



9 


such that the mesh points are concentrated In the regions 
where y(x) changes rapidly* The procedure is first to solve 
the problem with a uniform mesh and a modest value of e (i-#e-*, 
e = 10 or 10 ), Then insert new mesh points betwe®^! adjacent 
points* say and for which a certain predetermined 

tolerance is exceeded (e*g*, ><5,5 prescribed)* A 

smoothing process is caixied out to avoid locally abrupt changes 
in the mesh intervals* Next the problem is solved by Gaussian 
elimination* Finally, the size of e is decreased and the 
procedure is r^eated, using the mesh obtained from the preceding 
e-st^ as the initial mesh* Obviously* this method is costly 
in terms of computer time even for simple linear problems* 

Pearson [l23j has also given the solution of the nonlinear 
p roblam 

F(x*y, y',Sy*') =0 (1*4) 

for ^ ^ ^ with y<0) =s a and y(l) = 3 (1*5) 

The same approximations as in (1*3) are used for y' and •y"* 

The resulting nonlinear algebraic equations were solved by the 
Newton-Raphson iterative scheme* For example* to solve the 
nonlinear problem 

ey** + (y')^ = 1 (1*6) 

y(0) = y(l) * 1 (1*7) 

where e = 10 * Pearson used 4000 mesh points to get a solution 

which agreed up to five significant digits with the exact solution* 
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In a more difficult: problem, he used 25000 mesh points to get 
an accurate solution* In an attempt to overcome the numerical 
instability of the standajrd methods the upstream (upwind) on^ 
sided (directional) differences on a unifom mesh was introduced* 
For detailed discussion see Dorr [39], The essential idea of 
this type of scheme is to rqplace the first order derivatives 
in (1*1) by a one-sided difference quotient instead of the 
centered difference* The choice of a backward or forward 
difference depends on the sign of a(x) at the particular mesh 
point Xj^ under consideration, that is 


6 [ayj 





L aCx^Xy^-y^^j 


)/h 


if a(x^) > 0 
if a(xjL) < 0 


Then the difference equation takes the form 

I^CyJ * e + 6[ayJ + Hxi)y^ = f^ (1*8) 

If b(x) < O then it can be shown that Lj^ is a difference 
operator of positive type and, hence there exists a unique 
solution for each set of given data and for each e >0, h > 0* 
By a difference operator of positive type we mean : 

Definition : A difference operator of the form 

LhCyJ = 

is of positive type if 

(i) > 0 , > 0, V i, and (ii) A^+B^+C^: < 0, V i* 
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With these above restrictions on bCx)^, satisfies a discrete 
maxiimm principle* Moreover, if the directional difference 
method is used, then for fixed h > 0 there is a limit function, 
as e toids to zero, which satisfies the 'reduced^ difference 
equation, (1*8) with e =0, One drawback of this method is 
that it is only first order* The idea was developed further 
by Dorr et al* [41] , and they discussed the applications of 
the maximum principle to obtain elementary estimates for 
solutions of second order ordinary differential equations* 
These estimates are applied to obtain results on the limiting 
behavior of solutions of singular perturbation problans* They 
considered the linear problems under various hypotheses, 
including turning point problems, and quasilinear problems of 
the form 


ey^Ct) + a(t,y(t) ,e)y'(t) = 3(t,y(t),e) (1*9) 

for a < t < b with y(a) = A(e) and y(b) = B(e) (1*10) 

II' in [76j constructs a difference scheme which r^resaits 
the rate of decay in the boundary layer correctly for the 
homogeneous case of (1*1) with constant coefficients and b =: 0* 
Then the scheme is ^plied to the more general equation 

ey'*' + a(x)y' = f(x) (l*lla) 

and for a uniform mesh the following difference operator is 


obtained 
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i-hCVi] = a(x^) = f(xi) (1-llb) 

where is chosen so that the schane is O(h^) accurate and 
correctly r^ resents the rate of decay from the houndary layer 
into the interior^ II' in found for equation Cl^lla) that 

a( xj )h a( Xj )h 

* —2^ cot h [•— ~^] ( Vile) 

and so 

a(xj) a(x^)h a(xj) a(x^)h 

<— ^’+1] yi+i — ir^ % 

a(xf) _ a(xj)h 

+ — ^ [cot h ( — - l] y^.^ * f(x^) (l,lld) 

Note that this difference operator is of positive type* II' in 

2 

then proves that if a and f are C on the interval, then 

ly(Xj^) - y^l < Kh^ 

where K is a constant that d^ends on e# Kriess and Kriess [87] 
have discussed s<xne numerical methods for a system of singular 
perturbation problems of the form 

^ = A(x)y + F(x) , 0 i X < 1 (1..12) 

with n linearly independent boundary conditions 


R^yCo) + R^y(l) » g 


( V13) 
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(l) (n)T 

where y = (y , J is a vector function with n 

components and and A(x) are nxn matrices.* Abrahamsson 

et al.* considered schemes applied to singular perturbation 
problems in which the equation was a system^ In the scalar 
case# their work can be considered as refinement of upstream 
one-sided difference scheme* The idea is to introduce a 
parameter into the difference equation and to choose this 
parameter in such a way that a more accurate approximation for 
the reduced problem is obtained* They considered the following 
system of ordinary differential equations 

ey» + A(x)y' + B(x)y = F(x)f 0 < x < 1 (1*14) 

with boundary conditions 

y(o) =s a and y(l) = 3 (1*15) 

(l) ( 2 ) (n)T 

where e > O is a small parameter# y = (y ^***#y ) # 

F = (F^^^#F^ 0 C°° are vector functions with n 

00 ' 

components and 0 C are nxn matrices* They assumed that 

with 

A » A* (Adj* of A), A^ < -'t)< 0 , A^^ > n > O 

for 0 5 X < 1 and for some constant 1? > 0* They devised some 
schemes which# with net spacing h » e# yield 'accurate’' 
solutions in the interior# that is away from the boundary layers* 
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This is done and Richardson extrapolation is justified under 
appropriate assumption on A(x) tut in general the accuracy can 
not be better than 0(e)* Specific computations of some interest 
with difference schemes are contained in Greenspan [6l].. Two 
general purpose codes for two point boundary value problems# 
that can also be used for singular perturbation problems# have 
been constructed by Lentini and Pereyara [9 2] and Ascher et alj* 
[ 7 ]* A program that Implements an adaptive method is constructed 
by Bank et al* [l7] • From the point of view of finite element 
method users# the need for special ways to treat singular 
p,erturbation problems was first recognised by Zienkiewicz et al* 
[149] where it was stated that a finite element equivalent to 
upwind differences was needed to avoid the problems of oscilla- 
tory solutions obtained with standard numerical approximations^ 

A further algorithm using piecewise linear triangular elenents 
in two-dimensions was proposed by Tabata [l36] and a further 
evaluation of the methods as well as a ccwnparison with equivalent 
finite difference formulations for the convective-diffusion 
equation has been given in Zienkiewicz and Heinrich [l50]* Some 
applications of the theory of Babuska [l5#16] to the singular 
perturbation problems have been published by Reinhardt* Major 
contributions to the applications of finite element methods for 
singular perturbation problems have come from Mitchell# 
Zienkiewicz# Babuska# Honker# Miller# Griffiths# Van Veldhuizoi# 
Reinhardt, and Christie* Co-workers of these mathematicians 
should be included in the list* Hoppensteadt [68] has discussed 
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the behavior of the solution of the singular perturbation 
problems on the infinite interval* They considered the initial 
value problems of the form 


x' f(t,x*y*e) ^ = Xq 

ey^ = g(t,x,y,e) , 




where O < e « 1 and x# f are real K-dimensional vectors with 
components x = and f = ( f^, f 2 * fj^)« respectively 

and y and g are real J-dlmensional vectors with components 
y = ^Y^fY 2 t ****yj^ •• t respectively* The 

purpose of this paper was to investigate the behavior of solutions 
of (1*16) as e -* O, for t^ < t < <»♦ They continued the 
discussion in another paper Hoppensteadt [69] , where they 
investigated the properties of solutions of ordinary differential 
equations with a small parameter* Here, they included the case 
in which the boundary conditions also depoad on e i#e* 
x(to) = a(e) and yCt^) = 3(e)* They also extended these results 
to the boundary value problons* Harries [64] has described 
the applicability of differential inequalities in singular 
perturbation problon by studying the model nonlinear singular 
perturbation probl on 

e y* + yY* •“y = OifO<x<l ( 1*17 ) 

with y(0) = A , and y(l) * B (1*18) 

whose solutions exhibit a wide variety of interesting b^avior* 
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Cohen fssj has discussed the existence and asymptotic heavier 
for small 8 > 0 of the solution of the nonlinear two-point 
boundary value problem 

sy*'4.f(x,y,y')y'=0, 0<x<l (1^19) 

with 

y'(0) - ay(0) = A > O (a > O) (l#20a) 

y^(l) + by(l) = B > 0 (b > 0) (1,20b) 

They imposed the following conditions on the nonlinear f in 
(1-19) : 

(i) f(x#y, y') is continuously differentiable in the region 
R - £ (x^y,y*);0 <x<l, 0<y< B/h, y* > 0} 

( ii) < Y 2 ^ ^ imply that 

f(x,yj/yJ) < f(x,y2, y'g) on R 

( iii) f(x#y,y') > $ ► O on R 

( iv) There exists a constant k such that for all (x>y, y^) S R 

if(x^y, y*) - f(x, z^z')l < k( ly-zl + ly'-z'l). 

Under these conditions^, they proved that there exists a 
solution y(x#e) of (1-19)^ (l-20a-b) such that y(x#e) B/b 
and y'(x>8) 0 uniformly on any subinterval 0 < 6 < x < !(• 

The entire analysis is based on the so-called ^shooting method' 
for ordinary differential equations.* Dorr and Parter [40] 
have discussed the asymptotic behavior as e -* 0 of solutions 
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u(t.) = u(t^s ) and v(t) = v(t:,e ) to nonlinear boundary value 
problems of the form 

u^^ = f(t^u^v) / 0 < t < 1, u(0) = uCl) = 0 (1.2l) 

ev^ + g(t^u,u')v' - C(t^u,u')v = 0 

(l-f22) 

O < t < 1, v(0) = V^ / v(l) = 

where, they assumed 0 < and C(t,u^u'^) >0.* They were 

particularly Interested with problons in which there is exactly 
one interior turning point for equation (1»22) that is, for 
each e > O there is a unique point 6 (O, l) such that 
g(a,u(a),u'(a)) = O, and g(t,u(t),u' (t) ) changes sign in a 
neighbourhood of t = a# In order to study the asyiptotic 
behavior of the solutions they assumed the following conditions : 

(i) 0 ^ Vq < Vj, (ii) CCt,u,u'') > 0 

( iii) f(t,u,u''), g(t,u,u'*), and C(t,u,u' ) are continuous 
in all variables 

( iv) There exists a continuous function f (t/v) such that 

o * 

lf(t,u,v)l < for t G [o#l3 and v 0 [o,Vj] * 

Kopell and Parter [ssj have discussed the analysis of the 
p roblen 

ey^(t,e) a[y^{t,e) -t^]y'(t,e) (1^23) 

with y(— l,e) * A , and y(0,e) = B (1^24) 

based oitirely on priori estimates and the ^shooting* method^ 
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Depending on the choice of A and B one can CTisure the 
existance of turning points- However, due to the nonlinearity 
of the problem one does not know the position or number of such 
turning points- The methods of analysis enables one to get 
a complete picture of the variation in the solutions as A and B 
are changed^ A modified upwind schsne for convective-diffusion 
equations, which combines the advantages of being stable and 
of second order is presented by Axelsson and Gustafsson [is];* 
They considered the convective— diffusion equation in one 
dimensional case 


— jLiu* + vu*^ = O (1-25) 

with u(0) = a and u(l) = ^ (1-26) 

Finite difference (or finite element) approximations to (1-25) 
lead to a system of linear equations* In order to obtain a 
diagonally dominant matrix and preserve order of accuracy ©(h"^) 
in h, they modified the upwind schane as follows- Since there 
is no difficulty with the diffusion term (,-fid.**) we pay our 
attention to the convective term (vu')* Clearly 

( X -X ) ^ 

u(Xi^l) " u(xj^)+(x£^j^*"x^)u*(xj^) + — u^x^)+0(h^) 

and thus 

u(x, , -)-u(Xj ) (x, --X,) . 0, 

u*(x,) « V" i"— u*(x^) + O(h^) (1-77) 

1 ^^i+1 ^i^ ^ ^ 

The first term of the right hand side represents the usual 

upwind approximation of u'^* For v(xj|^) < 0 we use (l-pT?) in 

the approximation of (1-25) and include the term 
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(x^^l-x^) v(x^) u*^x^) 

2 

in the diffusion term, which (at the point x^^) will become 


“ [m + 




] u“(x.) 


= -CM/[1 


(x- . -,-Xj)v(x. ) „ 

— u*(x^)+ O(h^) 


(1-23) 


Thus the coefficient in f 3 X>nt of u" is always negative so 
that the matrix will be diagonally dominant^ For we use 
the central difference approximation# For v(x^) > 0 we^t instead 
of (,l*Tl)t use 


u' ( x^) 


u(xj^)-u(xj^^2) 

— * — 2 — 


n’Kx^) + O(h^) 


(1#29) 


to obtain the diagonal daninance# Although the approximation 
(1#28) is bad vdien ( x^^^-x^) v( Xj^)/( 24) is large, i#e# v/jn 
is large, does not have to be too small T^en v/Ll is 

large, the convective term dominates in both the discrete 
and the continuous model# A class of two point boundary value 
p robl ems 


x' = gj(x,t) + Bj(t)z + Cj(t)u 

(1#30) 

Xz* e g2(x,t) + B2(t)z + C2(t)u 

with x(0) - 3^ and z(0) = z^ (l#3l) 

where x and z are n and m dimensional state vectors, respectively, 
u is an r-Kiim visional control vector, and X is a nonnegative 



20 


scalar parameter and ^1' ^2 assumed to be 

infinitely differentiable in all their arguments in an 
appropriately defined dcxnaln, which arise in fixed final 
time free end point optimal control problems is considered 
by Sannuti [l34]^ An asymptotic power series solution of 
(l.*30) is constructed with respect to a parameter whose 
perturbation changes the differential order of the problarij* 
Kriess and Parter [ssj have discussed the behavior of the 
solutions of the boundary value problems with turning points : 

ey'^x) + f(x^e)y'(x) + g(x^e)y(x) =0 (1#32) 

for < X < b with y(-a) = A and y(b) = B (1^33) 

where a,b >0^ e >0 and f(x,e) has a single simple zero in 
[-a^b]^ An extension of TiMionov's theorem in singular 
perturbations is studied in Nlpp They considered the 

autonomous system of ordinary differential equations 


x' = f(x,y) + ef^Cx, y^e) 
ey' =s gCx, y) + eg^^Cx^y^e) 
together with the initial conditions 
x(0,e ) = x°(e ) 
y(0^e ) =s y°(e 


( 1 • 34a) 
(1534b) 

(USSa) 

(l-35b) 


An asymptotic approximation for solving singular perturbation 
problems is presented by Flnden [Ssj* The given system 


^ * f(x,y,t) and e ^ * g(x,y,t) 


( 1 . 36 ) 
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with the Initial conditions 

x(0) 5= a and y(0) = 0 


(1*37) 


where x,f and a are m-dimensional vectors and^, y#g*3 are n- 
dimensional vectors, is replaced by the following system that 
is not stiff numerically. 


= h(x,y,t,e) 


(1*38) 


for some function h* It has been proved that the solution 
to (1*38) is a second order approximation interms of the 
small parameter e* The approximation h for the quantity 
g(x,y,t)/e is given by 


g(x,y,t) - 

- h(x,y,t,e) + O(e^). 

Ortiz [119] has discussed the error analysis of Tau method for 
a class of singular perturbation problems 

y"(x,e) + y'(x,e) = O; 0 < X < 1 (1*39) 

with y(0,e) = 1 and y(l«s) = 0 (1*40) 


where 0 < e X< 1 and P(x) is assumed to be a polyncxnlal or 
polynomial approximation of a function not idaitically equal 
to zero and defined in [0.1]- The concept of introducing a 
parameter into the numerical scheme and then choosing it in 
order to meet some criterion has been used for Miller [98] for 
the singular perturbation problem of the form 
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-e u" + a^u-* + a^u = f in Q * (0,1) (1*41) 

with u(o) s= u(l) =0 (1*42) 


where > 0 and a^ > O are constants* He treats this problem 
by means of a finite element method# The parameter 6 = 6(e) 
is chosen so that 


a-eh 

O i ® < 1# lint 6 = 0, lim -4r“ = 1 (1^43a) 

e-*0 e-»o 

where h is the uniform mesh width* This parameter 6 is 
introduced in the basis as follows : 


<Pj ( x) s'? 


(x-Xj^j)/6h 


( Xj+0h— x)/0h 


1° 


It is then shown that the 


for X 6 [xj Xj _j^+6h] 

for X G [xj^ 2 + 0 h,Xj] 

for X e [xj,Xj+6h] 
otherwise 

finite el orient scheme is equivalent to 


f ^ T ^ ""j+i + f H + ^0^3 Ih *■ '"j-l 


(l4i43b) 


= h[f(xj„j+6h) + f(xj)]/2 
j = 1, 2, «**,N“*1/ with iJ’o = 

In the limit when 6 * 1 ( l#43b) is the usual central finite 
difference scheme for (1*41) 


® — I— + 


( l*43c) 


for j =s with u^ ss Ujj » 0^ 
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On the other hand in the limit -when 6*0 and thus © * 0^ 
because of (l»43a), (l*43b) becomes the upwind finite difference 
scheme for the reduced problem of (1^41) 







f(Xj^^) + f(Xj) 


for j = with Uq = 0j» 


( l4,43d3 


A particularly interesting intermediate choice of 0 is 


0 = [tanh a^h/2e]/[ajh/2e] (l-43e) 

It is easy to check that the 0 defined by (l543e) satisfies 
(l#43a), and that for this 0, {l^43b) becomes 
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f ( X . >.2+61^ ^ + f ( X . ) 

■■Mfi 1 1 III ■i/i.i I iWiiw wJLmm 

2 


(1.43f) 


for j = 1, 2* with u^ » Ujj = O 

which is the finite difference scheme introduced by II' in [76], 
(apart from the inhomogeneous term which is simply f(x^)), 

( canpare with Bjn^ (l*lld))# However, Miller has not carried 
out any error analysis in this paper for arbitrary The 
above conc^t is extended for partial differential equations 
by Miller [99]^ Instead of using the parameter in the elanents, 
Christie et al^ [32] places a parameter in the test functions 
to obtain asymmetric linear and quadratic basis j5inctions for 
the test spac^ In this way the oscillations vdiich occur with 
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syrrmetric test fonctlons are no longer present# They considered 
the following problem 


ey«^ - Ky' =0 0 < X < 1 

with u(0) = 1 and u(l) =0 


(1-44) 

(1*45) 


They choose K = 60- Their scheme yields an upwind differencing 

via an appropriate choice of the parameter. However# this 

scheme seems to be of limited value requiring a moderate size 

of e(= 1/K) , lj»ej- e *<*0{10 or 0(10 ^) # These authors have 

continued to Investigate this approach and more recant results 

are contained in Mitchell et al- [ 104 ], Henker [65} and de 

Groen and Hamker [ 63 } also considered a modification of the 

finite element method for problens of the form (ij-l)- The 

modification consists of considering test and trial spaces 

which in addition to the usual piecewise polynomials are 

supplemented in each subinterval by a piecewise en^ponential 

that is a local approximation to the singular solution of the 

equation l^[y} =0- A so-called 'fitting' function which 

depends on the coefficient of the first order term is 

introduced in order that the trial space is fitted exponentially 

d^ d * 

to the singular part of Lg (1-e- - e — ^ + a(x) ft Similarly# 

dx"^ 

the test space is fitted to the singular part of the adjoint 
equation and gives good approximations to the Green's function 
of (l-l)- Honker and de Groen showed by proper choice of trial 
and test spaces the exponentially fitted method applied to 
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-eu" -i-u'=0 0<x<l (1#46) 

with u(o) = a and u(l) =3 (1*47) 

with the fitting function a(x) = is equivalent to II' in's 

scheme* Griffiths [6 2] discussed some algorithms for 
convective-diffusion equations of the type 

— e - K / K > 0 (1*48) 

subject to initicLl condition and variety of homogeneous boundary 
conditions* Flaherty and O'Malley [56] have proposed an 
algorithm for stiff two point boundary value problems of which 
singularly perturbed problons are an Important subclass* They 
obtained the numerical solution by finding the roots of the 
characteristic polynomial of the reduced problems* These roots 
enable them to obtain boundary layer correction teims which are 
then added to the numerical solutions of the reduced problem to 
obtain the approximation* Lorenz [95] has considered the 
numerical solution of singularly perturbed two point boundary 
value problem 

-ey" + a(x#y)y' + 0(x*y) = 0 (1*49) 

for 0 < X <1 with y(0) =3 A and y(l) = B (1*50) 

He essentially breaks the Interval into t\x> parts and uses 
differ^t meshes on each part to solve a reduced and boundary 
layer problem* We note that a criterion for choosing vdiere to 
break the interval is not given although the cutting parameter K 
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can not be too large* Further, the solution of the reduced 
problem is used as the data for the boundary layer problem at 
the cut point* Thus Lorenz solves the reduced problem only 
upto the cut point and then solves the boundary layer problem 
for the remainder of the interval* Hoppensteadt and Miranker [70] 
have discussed an extrapolation method for the numerical solution 
of singular perturbation problems* They described in detail for 
initial value problems 

= f(t,x,y,e) j x(o) = |(e) (l*5l) 

t ^ = g(t,x,y,e) ; y(o) = T)(e) (1*52) 

to which the methods of averaging and matched asymptotic 
expansions can be applied* Pattorini [ 62 ] has studied the 
singular perturbation and boundary layer for an abstract Cauchy 
problems 

u*(t,e) + u*(t,e) = Au(t*6) + f(t,e) (1*53) 

for t > O with u(0,e) = Uq(®) and u'(0,e) = Uj^(e) (1*54) 

and u'(t) = Au(t) + f(t); t > 0 with u(0) = u^ (1*55) 

This paper also contained a substantial bibliography on singular 
perturbations of abstract Cauchy problems* Lick and GaskdLns [94} 
have described a consistent and accurate procedure for obtaining 
difference equations from singularly perturbed differential 
equations* This procedure is an extension of the integral method 
and Incorporates what is known of the solution of the differential 
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equation in the formulation of the corresponding difference 
equation^ Although somexdiat more complicated to apply than 
other methods^ this procedure has advantages in generality^ 
consistency and accuracy* Veldhuizen [l40] has used a finite 
element method using piecewise polynomials of degree < k to 
approximate the problem 

eu" +u' = f/ 0<x<l (1*56) 

with u(0) s u(l) =0 (1.57) 

with a very irregular mesh h. On this mesh, error estimates 
of order 0(h ) are obtained uniformly in e,h the maximum 

step size, for k > 2. And, the condition number of the system 
of linear equations one has to solve in order to get the 
approximatipn, is estimated* They extended these results in 
Veldhuizen [141 ] and discussed some higher order schemes of 
positive type for the following class of problans 

eu*' + a(x)u' s= f(x) / 0 < X < 1 (1*58) 

with u(0) = u(l) =0 (1.59) 

and a(x) ^ > 0. They also extended these results for elliptic 

problems of the singular perturbation type in two dimensions. 
Abrahamsson and Osher [2 j have discussed the monotone difference 
schemes for the problem 

“ [f(y)]^ “ b(x,y) =0, 0 < X < 1 (1.60) 

with y(0) = A and y(l) =8 


(1.61) 
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where f 6 C^(R^) and b 8 C^(R^) and > 6 > 0 * 

They proved some convergence results and showed that the 
Engquist-Osher [49 ] monotone scheme will reproduce essential 
properties of the true solution for any grid* Osher [l20} . 
developed upwind finite difference approximation for nonlinear 
singular perturbation problems and also for systems of non- 
linear hyperbolic conservation laws* Similar discussion with 
one sided difference schemes for the problem 

ey^ - a(y)y' - b(x<y) = F(x) f *"1 £ x < 1 (1*62) 

with y(— 1) = A and y(l) = B (1*63) 

where A, B are constants^ a(y)^ b(x#y) are functions with 

b(x/0) = 0 and > o is contained in Osher [l2l]* The 

existence and asymptotic behavior as e -» o of solutions of 
problems of the following form 

ex" = f(t,x#x:'#®) (1*64) 

with x(0*e) = A(e) and x(l,e) = B(e) (1.65) 

are studied by Kelley [81]. using differential inequality 
techniques* Conditions are derived under which the problan 
(1*64) - (1*65) has unique solution which converges uniformly 
as e -* 0 outside boundary layers at each end point of width vTe 
to a solution of the reduced equation 

O = f(t,x*x^^O) (1*66) 

In another paper^ Kelley [82] discussed the boundary and interior 
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layer phenomena for singularly perturbed systems* They 
established^, some sufficient conditions for the existence of 
solutions of a system 

€2*^= H(t,Z) (1*67) 

with Z( O ) 2 s A and Z{1) = B (1*68) 

where Z^H*A, and B are vectors^ and O < e « 1* Kellogg et al* 
[ss] have discussed the analysis of three point difference 
schemes for singular perturbation problem without turning points* 
They have obtained bounds for the discretization error v^ich 
are uniformly valid for all h and e > 0* The degeneration of 
the order of the schemes at e =s O is also cohsideredj# Motivated 
by the asynptotic behavior of the problems/ Sakai [l32j/ and 
Sakai and Usmani {]l33] have discussed some numerical methods 
based on chopping procedures for the solution of two point 
boundary value problems of singular perturbation type* Berger 
et al* [23j proved that an escponential tridiagonal difference 
scheme, when applied with a uniform mesh of size h to : 

eu-* + b{x)u' - d(x)u = f(x); O < x < 1 (1.69) 

u(0) = and u(l) = (1*70) 

where e is a small positive parameter; given constants 

b/ d/ f are in [o, l] ; d( x) >0 and b( x) > B^^ on [O/ 1] for some 
positive constant B^/ is uniformly second order accurate (i.e. 
the maximum of the errors at the grid points is bounded by 
Ch with the constant independent of h and e)* This scheme was 
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derived by El-Mistikawy and Werle [46 j by a patching of a 
pair of piecewise constant coefficient approximate differential 
equations across a common grid point* Let J be a positive 
integer and define the uniform mesh length h = 1/J* Let the 
grid points { x^} be given x^ = ih, i = and let 

denote the approximate value for u^^ = u(x^) • When ^plied to 
(1*69)^ the family of schemes has the form 


fi “l-l + + 


'^ 1 ^ 1+ 1 


(1-71) 


for i = 1/ 2/ J~l/ with and Uj = a^* (1*7 2) 

The choice of the coefficients r^ , rf rl* and q? / q*? , qt 

i X X ^i ' ^1 ' ^1 

determine the particular scheme* Further details on this type 
of approach can be found in Berger et al* [23]* A power series 
expansion in the damping parameter e of the limit cycle U(t^e) 
of the free Van der Pol equation 


U** + e(U^-l) U' + U = O (1*73) 

is constructed and analyzed by Dadfar et al* [36]* Grasraan and 
Matkousky [60] have employed a variational formulation of the 
problem (1*32) with (1*33) to resolve the question of the 
number and location of the boundary layers as well as to 
uniquely determine the asymptotic es^ansion of the solution* 
These results are then extended to analogous problems for 
partial differential equations with turning points* Similar 
results are discussed by Grasman [59] for a class of elliptic 
singular perturbation problens# Consideration of the exact 



31 


solution of singularly perturbed equations provides insight 
into the appropriate use of perturbation techniques^ Such 
a study is made by Lange and Miura [89] for a class of linear 
singular perturbation problems* Collocation methods using both 
cubic polynomials and splines in tension are developed by 
Flaherty and Mathon [55] for the following class of problems 

Ly = ey^ + p(x)y' + q(x)y = f{x) } a < x < b (1*74) 

with ttj^yCa^e) + a^^Y^Ca^e) = A and a^^yCb^s) + a 22 Y'(b^ 6 ) = B 

(1*75) 

Niijima [lOs] derived some sufficient conditions for the 
problem 

BY** + f(x*s)y* + g(xife)y = h(x*e); < x< b (1*76) 

with y(-a) = A(e) and y(b) = B( 8 ) (1*77) 

to have a unique solution* They presented, in Niijima [l09], 
a difference scheme for a semllinear problem with any number of 
turning points of arbitrary orders* The class of the problems 
considered are 

ey'' - [a(x)y]' - b(x*Y) = o; 0 < x < 1 (1*78) 

with y(0) = A and y(l) = B (1*79) 

They showed that a solution of their scheme converges uniformly 
in e, to that of continuous problem* A completely ejqxjnentially 
fitted difference scheme is derived for turning point problems 
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by [lio]^ An error analysis of that scheme is also 

given under some conditions* Howes [7 3} presented some 
results and sufficient conditions in order that the solution 
of the problen (scalar and vector form) 

ey*' = F(y)y' + g(x#y), a < x < b (1*80) 

with yCa^e) =» a and y(b,e) = 0 / (1*81) 

display boundary layer b^avior at an en(%)oint,* They also 
discussed the boundary layer behavior of singularly perturbed 
initial value problems (in Howes f71] ) and also for the third 
order boundary value problems (in Howes [72])» Weiss [146] 
derived the stability and convergence results for the box and 
trapezoidal schemes applied to singularly perturbed boundary 
value problans* Lorenz [96j also discussed the analysis of 
the problem (1«80) - (1*81) but with scalar case only* Reinhardt 
[l25] has discussed the stability of some difference scheme 
applied to the problem (l*l)*They considered the difference 
approximation to (1*1) as 

^k+l '^,8 ^k H ^k-1 “ ^ k = 0, ( 1.82a) 

with y-Q = y(0) = a and yjjj= y(l) =0 (1.8 2b) 

where 

=s -(a(x-|^) - hb(xj^) + 2 ^) (1.32c) 

®k^e ® E (1.8 2d) 

In another paper^ Reinhardt [l26 J has discussed the posteriori 
error analysis and adaptic finite element methods for solving 
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singularly perturbed convective-diffusion equations •O'^Malley 
and Flaherty [ll6j have discussed some analytical and 
numerical methods for nonlinear singular-singularly perturbed 
initial value problems^ Ascher [6] has discussed some 
difference scheme for singular-singularly perturbed boundary 
value problensj* These results are the extensions of Ascher and 
Weiss [8,9,103< Singular-singularly perturbed boundary value 
problems are also considered by O'Malley [114]. Recently^ 
Roberts j^l2S] has given a boundary value technique to solve 
singular perturbation problems^ It is based on the shooting 
methods* He also discussed (in Roberts [l29j)/ the analytical 
and approximate solutions of the problon : 


ey« = yy',-l<x<l 

(1*83) 

y(-l) = a and y(l) =8 

(1.84) 

More recently, Roberts [l30] has extended his 

boundary value 

technique to solve the problem : 


ey" + yy' - y = 0;0<x<l 

(1.85) 

y(0) = a and y(l) = p 

(1*86) 


Very recently O'^Riordan [118] introduced a new piecewise 
linear finite element, which is designed to handle singular 
perturbation pTObloms* They first introduced the new concept 
of hinged elements* Then he examined finite element approxima- 
tionSrf to the problems of the form 

ey'^+ ay'=f; 0<x<l (1*87) 
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with y(0) = y(l) =0 (1,33) 

whose errors are uniformly in e good, i#e# the error constants 
and asymptotic order of convergence as h -♦ 0 are independent of 
e and the mesh size h. Piecewise exponential elsnents yield 

max ly(xj) - y (xj) 1 < Ch uniformly in e 
0<i<N 1 - 

In 

I ly-y 1 Iqo < Ch uniformly in e. 

He introduced '’hinged functions' (piecewise linear elements), 
which retain 

In 2 

max ly(x.*) - y (x,) I < Ch uniformly in e 
0<i<N i “ 

but globally are not uniform (w,r.t, e) 0(h) (are 0(h^^) 
uniformly) in the norm^ However, when either h « s or e « h, 
then 

* I 2 ~ where C is independent of s and h. 

Similar results are generalized to two -dimensions. Further 
details may be found in O'Riordan [ll7 ]• Hsiao and Jordan [74] 
have discussed numerical sch^es based on the method of matched 
asymptotic expansions and modifying the boundary layer problem# 
The particular numerical method they used for solving the 
modified problems in Galerkin method with linear finite elements 
as trial functions# They have applied these schemes success- 
fully to several examples.# Finally, an error analysis has 
been performed and encompasses both numerical and singular 
perturbation theory# A detailed study of this approach may be 
found in Jordan [78]# 
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Recently, Brandt [25 3 presented the multi level 
adaptive technique for solving general singular perturbation 
problems# Further discussion on the similar results is contained 
in Brandt [26},# Ringhofer [l27j has presented a numerical 
method based on collocation with polynomial ^lines for quasi— 
linear systems of singularly perturbed boundary value problems# 
The stability properties of the associated difference operator 
are examined and a variable mesh algorithm to achieve a certain 
over-all accuracy is developed# The number of grid points 
required by the algorithm is also estimated# A detailed 
analysis is performed for a finite element method applied to the 
general one dimensional convective diffusion problem by 
Szymczak et al# [l35]# Jain et al# [77] derived a third order 
variable mesh difference method for the numerical solution of 
two point, second order, singular perturbation problems# Herbest 
et al# [67] presented a generalized Petrov-Galerkin method for 
the numerical solution of Burger'^s equation# 

Fitzsimons et al# [54] have Introduced Petrov- 
Galerkin finite elonent methods with a hinged test space for 
singularly perturbed, second order, ordinary, linear differential 
equations# They discussed Petrov-Galerkin methods on a uniform 
mesh which have asynptotic error estimates, as the mesh size 
tends to zero, whose magnitude is independent of the singular 
perturbation parameter# This is a marked contrast to standard 
finite elemoit methods which donot possess such a property on 
a uniform mesh# For these, the error on a fixed unifoim mesh 
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blows up as the singular perturbation parameter tends to zero* 

This rofcust behaviour of these Petrov-Galerkin methods for 
singular perturbation problems is achieved by choosing trial 
spaces of standard piecewise polynomial type# \diile the test 
spaces consist of hinged piecewise polynomials* They also 
described a number of sairple problems and presented the 
numerical results which are found to be in good agreement with 
those expected frcm the theoretical considerations;* 

Very recently# Axelsson and Carey [ll ] considered 
a class of singularly perturbed two point boundary value 
problems with various types of boundary conditions and examined 
the layer bdiaviour of the solution* By constructing a more 
regular modified problem with a correction term they discussed 
how to deal with the boxandary layer s^arately and proved error 
estimates vhich are uniform in the singular perturbation parameter 

1*4 CONCLUSIONS AND FURTHER DEVELOPMENTS 

Throughout the proceeding review# we have mentioned 
various topics in need of further study* One of the most 
important goals of course is the determination of which are 
the most accurate and efficient codes for solving general 
singular perturbation problems* It is clear that the coirpetition 
is between asymptotic methods and numerical methods* The 
problems like# singular—singular perturbation problems# singular 
perturbation problem with turning point(s)# nonlinear singular 
perturbation problems# elliptic/paraboliq/hyperbolic singular 
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perturbations# general singularly perturbed partial differential 
equations are now active research problems in the area of 
singular perturbations# The general motivation of the numerical 
analysts is to provide more efficient, simpler# powerful, 
computational techniques to solve singular perturbation problems# 
Also, we are particularly interested in the current activity 
in this fieldj# Finally, we note that most of the papers in 
our survey have contained some computed results# This is a 
very healthy sign and of course it demonstrates the efficiency 
and applicability of the method# 

lj.5 SUMMARY OF THE THESIS 

As we have se^ in Section 1#2, there are a wide 
variety of asymptotic ej^ansion methods for solving singular 
perturbation problems# But there can be difficulties in 
applying these asymptotic expansion methods, such as finding 
the appropriate asymptotic e3q)ansions in the inner and outer 
regions which are not routine exercises but require skill# 
insight, and experimentation# Even the matching of the 
coefficients of the inner and outer solution expansions can 
be a demanding process# In view of the wealth of literature 
on singular perturbation problems# and in view of the specialized 
skills and experience that experts in the field dean necessary# 
we raise the question whether there may be other ways to attack 
singular perturbation problems/ ways that are veay easy to use# 
and ready for computer implementation/ ways that are more 
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accessible to the practicing engineer or applied mathematician# 

An engineer or ^plied mathematician needs efficient techniques 
which he can apply routinely in order to avoid dealing with 
methods that may require a great deal of ej^ermentation and 
which may or may not yield an answer. 

In response to this need for a fresh approach to 
singular perturbation problems, we have proposed and illustrated 
in this thesis some efficient and simple numerical techniques 
which can be applied routinely to solve singularly perturbed twopo 
infc boundary value problems in ordinary differential equations. 

In Chapter 2, an approximate method for the numerical 
integration of a class of linear singularly perturbed two point 
boundary value problems with a boundary layer on the left end 
of the underlying interval is presented. This method does not 
depend on asyirptotic expansions. The original second order 
differential equation is replaced by an approximate first order 
differential equation of neutral type with a small deviating 
argument. Then, the trapezoidal formula is used to obtain the 
three-term recurrence relationship. Discrete invariant imbedding 
algorithm is used to solve the tridiagonal algebraic system. The 
stability of this algorithm is investigated. The proposed method 
is iterative on the deviating argument. Some numerical exartples 
have be©i solved to demonstrate the applicability of the method. 

A nonasyinptotic method for solving linear singularly 
perturbed two point boundary value problems with a boundary layer 
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on the left end of the interval is presented in Chapter 3 * This 
is an alternative method to that of Chapter 2/ and also simpler 
than that method* The method is distinguished by the following 
fact : The original second order differential equation is 
replaced by an approximate first order differential equation 
with a small deviating argument, and solved efficiently by 
employing the Simpson's rule coupled with discrete invariant 
imbedding algorithm* The proposed method is iterative on the 
deviating argument* Some numerical e3<periments have be«i 
included to demonstrate the efficiency of the method* 

In order to know the behavior of the solution of a 
singular perturbation problem it is always suggestive to divide 
the pjcoblon into two problems and to solve them separately* 
Keeping this in mind, a new approach based on the method of 
inner boundary condition is presented in Chapter 4^ The method 
is distinguished by the following facts : The original problem 
is partitioned into inner and outer region differential equation 
systems* Asymptotic espansion is used to obtain the terminal 
boundary condition* Using an appropriate transformation, a 
new inner region problem is obtained and solved as a tvjo point 
boundary value problem* The derivative boundary condition at the 
terminal point is then derived from the solution of the inner 
region problem* Using this condition, the outer region problem 
is efficiently solved by employing the classical second order 
central finite difference scheme* The proposed method is 
iterative on the terminal point of the inner region-* Some test 
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examples have been solved to Illustrate the method and the 
computational results are compared with exact solutions^ 

In Chapter 5, a boundary layer technique is presented 
for a class of linear singular perturbation problemsf* It is 
motivated by the asymptotic behavior of the singular perturbation 
problem* As in Chester 4/ the original problem is divided into 
inner and outer region problems* However, asyrrptotic es^jansions 
are not employed* The reduced problem is solved to obtain the 
terminal boundary condition# Then, a new inner region problem 
is created and solved as a two point boundairy value problem# 

In turn, the outer region problem is also modified and the 
resulting problem is efficiently solved by aiploying the 
tr^ezoidal formula coupled with discrete invariant imbedding 
algorithm# This technique is also iterative on the terminal 
point of the inner region# Numerical experience with three 
examples is reported* 

In Ch^ter 6 , two terminal boundary value techniques 
are presooted for linear singular perturbation problems.# These 
involve a modification of the singular perturbation problem so 
that any suitable existing standard numerical method can be 
employed on the modified problem# As usual, the original problan 
is divided into outer and inner region problems# Two techniques 
are introduced to obtain the terminal boundary condition in the 
implicit form# Then, the outer region problem is solved as a two 
point boundary value problem and an explicit terminal boundary 
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condition is obtained* In tum^ the inner region problem is 
modified and solved as a tvo point boundary value problem using 
the explicit terminal boundary condition* Three numerical 
exanples are included to illustrate these techniques* 

An approximate method for solving a class of singular 
perturbation problems is presented in Chapter 1 * It is designed 
on the basis of the asyitptotic behavior of the singular 
perturbation problem* As with other methods, the given region 
is divided into inner and outer regions* The original second 
order problem is replaced by an asyrrptotically equivalent first 
order problem and solved as an initial value problem in the inner 
region* A terminal boundary condition is then obtained from the 
solution of the inner region problem* In turn, an outer region 
problem is obtained, by r^lacing the second order differential 
equation by an approximate first order differoitial equation with 
a small deviating argument, and solved efficiently by enploying 
the trapezoidal formula coupled with discrete invariant imbedding 
algorithm* Several numerical examples have been solved to 
demonstrate the applicability of the method* Finally the method 
is extended to a more general class of pTOblems* Again one 
numerical example is solved in this general class* 

In Chapter 8, an initial value technique, which is 
simple to use and easy to implement, is presented for a class of 
nonlinear singular perturbation problems with a boundary layer 
on the left end of the interval* It is distinguished by the 
following fact : The original second order problem is replaced by 
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an asymp-totically equivalent first order problsn and solved as 
an initial value problem* Numerical experiaice with several 
examples is described* 

A boundary value method for a class of nonlinear 
singular perturbation problems is presented in Chapter 9# By 
constructing a modified problem with a boundairy layer correction# 
a discussion on how to deal with the boundary layer separately 
is presented* The proposed method is iterative on the terminal 
point of the boundary layer region* Several numerical exaitples 
are discussed to Illustrate the method* Finally, a lower bound 
for the terminal point of the boundary layer region is obtained 
in terms of the perturbation parameter* 

Finally in Chapter 10# the nonasymptotic method 
developed in Chapter 3 has been extended for solving general 
linear singularly perturbed tvo point boundary value problems* 
Firstly# problems with a right end boundajry layer have been 
discussed* Secondly, problems with an interior layer have been 
discussed* Finally, problems with two boundary layers have been 
discussed* Numerical ejsperience with the method for some model 
problems is also r^orted to confirm the theoretical analysis* 

In a nut— shell, the numerical methods presented in 
this thesis for solving singularly perturbed two point boundary 
value problems in ordinary differential equations have been 
shown to be efficient over the conventional methods* Above, all, 
these methods are conceptually simple, easy to use, and are 
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readily adapted for computer inclement at ion with a modest 
amount of problen preparation# Several model linear and non- 
linear problems have been solved and numerical results are 
presented in respective chapters* It is observed that the 
accuracy predicted can always be achieved with veiry little 
computational effort# All the numerical results^ presented 
in this thesis# have been ccmputed on DEC-1090 computor system 
at I IT Kanpur* 
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NUMERICAL INTEGRATION OF A CLASS OF 

singular perturbation problems 

2 # 1 INI RODUCT ION 

The numerical treatment of singular perturbation problems 
has always been far from trivial, because of the boundary layer 
behavior of the solutions* The well known method of Matched 
Asymptotic Expansions, v^ich consists of (a) dividing the 
problem into an inner region problem and an outer region 
problem, (b) ejqpressing the inner and outer solutions as 
asymptotic expansions, (c) equating various terms in the inner 
and outer solutions to determine the constants, and (d) combining 
the inner and outer solutions in some fashion to obtain a 
uniformly valid solution, is not a routine exercise but requires 
skill and ejqjerimentation effort* The classical finite 
difference scheme requires the use of a very fine mesh in 
the neighbourhood of the boundary layer, so that typical 
features of the boundary layer will not be lost* This procedure 
has been successfully applied to several problems by Pearson 
[ 122 ] and many others# However, the disadvantage of this 
approach is that it requires considerable carputational effort* 

In fact, often because of the limitation of the computer system, 
the discrete problems involved may become ill*posed numerically 
when mesh sizes get too small# 
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The object of this chapter is to present an approximate 
method for the numerical integration of a class of linear 
singularly perturbed txvo point boundary value problems in 
ordinary differential equations with a boundary layer on the 
left end of the underlying interval. This method does not 
depend on asymptotic expansions. The main feature of this 
method is that it does not require very fine mesh size. We 
replace the original singular perturbation problem by an 
approximate first order differential equation of neutral type 
with a amall deviating argument. This r^lacement is signifi- 
cant from the computational point of viewj. Theory and 
discussion on the differential equations with a deviating 
argument can be found in Elsgolts and Norkin [48}# Elsgolts [47 }# 
Driver [42}# Bellman and Cooke [20}# Bellman et al. [l^}# and 
Norkin [ll2} . We use the trapezoidal formula for the numerical 
integration of the first order differential equation of neutral 
type with a small deviating argument to obtain the three-term 
recurrence relationship. Tridiagonal algebraic system is 
efficiently solved by employing a discrete invariant imbedding 
algorithm. The stability of this algorithm is investigat ed^ 

The proposed method is to be repeated for different choices of 
the deviating argument^ until the solution profile stabilizes. 
Some numerical experiments have been included to demonstrate 
the applicability of the method* 
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2*2 numerical scheme 

To fix the ideas^ we consider the following Singular 
Perturbation Problem (SPP)/ 

sy'^(x) + a(x)y'(x)~b{x)y(x) = f(x)sO < x < 1 ( 2 .# 1 ) 

y( 0 ) = a and y{l) = 3 ^ ( 2 - 2 ) 

where e is a small positive parameter (0 < s « l) j a, 0 are 
given constants; a(x)^ b(x) and f(x) are assumed to be suffi- 
ciently continuously differentiable functions in [O/l] 
b(x) > Ojf a(x) > M > 0 on [o^l] 's^ere M is some positive 
constantj* Under these assumptions, (2*1) ~ (2*2) has a unique 
solution y(x) vdiich, in general, displays a boundary layer of 
width 0 (e) at x = 0 for small values of e* 

Let 6 be a small positive deviating argument ( 0 < 5 << 1), 
By using Taylor series expansion in the neighbourhood of the 
point X, we have 

y^ ( x*- 6 ) « y' ( x) — 6 y"( x) ( 2* 3) 

and, consequently, the equation ( 2 * 1 ) is replaced by the 
following first order differential equation with a small 
deviating argument : 

ey^(x)-€y'(x“ 6 ) + 6 a(x)y' ( x) - 6 b(x)y(x) = 6 f(x) (2*4) 

for 6 < X < 1# Transition from the equation (2*1) to equation 
( 2 * 4 ) is admitted, because of the condition that 6 is small 
(0 < 6 « 1)* Further details on the validity of this 
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transition can be found in Elsgolts and Norkin [48]^ Pages : 243 
and 244* Rearrangement of the equation ( 2;*4) is sometimes 
called the differoitial equation of 'neutral type' with a 
small deviating argument, namely 


y* ( x) = p(x)y'(x-'6)+q(x)y(x)+r(x) 
for 6 < X < 1 T^ere 

° e 4- ^6a(x) 


(2*5) 


(2*6) 


q(x) 


6b(x) 
e + 6a(x) 


(2*7) 


r( x) 


6f(x) 

” s + 5a{x} * 


(2*8) 


We now divide the interval [o,l] into N equal parts with mesh 
size h, 

i*e* h j= If and x^ = ih for i = 0, 1, 2, .,N* 

Integrating by parts the equation (2#5) in * 


(i = 1* 2, •♦•,N-1), we get 

^i+l. 

y(xi i)“y(x^) = / [ p(x)y'(x-6)+q(x)y(x)+r(x)J dx 

^i 

^i+1 

+ / C -p'(x)y(x-6)+q(x)y(x)+r(x)J dx* 


By making use of the trepezoidal formula for evaluating the 
integrals approximately, we obtain 
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- [p(Xj^) + ^ p'(Xj^)] y(Xj^~6) 

+ t [q(x^+l)y(x^^^)+q(x^)y(xj^)] 

+ ^ [r(xj^_^^)+r(x^) ] • 

Again^ by means of Taylor series e3<pansion, we have 

yCx-6) jsy(x) - 6y'(x) 

and, then by approximating y^(x) by linear interpolation, we get 

y{x^) - 


( 2-*9 ) 


(2-10) 


y(x^-6) S? y(xj^) -6( 

= <1 -|)y(xi) +1 


•) 


and 




( 2£.lla) 


( 2- 11b) 


Hence, by making use of (2*lla~b) in (2-9) leads after simple 
manipulation to the final three-term recurrence relationship, 
namely 

Vi-i - ^'lyi + Siyi+i = “i 
for i =s 1, 2, where 

Ei=^[pi+^Pj] (2-13) 

*■1 = 1+1 Cpi+i'I Pi+i3 " '1 ■ h’ Cpi + I p 1] + I li 

= 1 - (1 - |) [ - I ^ q^^.! (2^15) 

“i = ^ C^i+1 + a] ' 
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any = y(x^)^ = p(xj|^), =s qCx^) and = r(xj|^)* Equation 

(2*12) gives a system of (N~l) equations with (N+l) unknowns y^ 
to yjvj# The two given boundary conditions (2^2) together with 
{ N— l) equations are then sufficient to solve for the unknowns 
Yj^'s. The matrix problem associated with (2«12) is tridiagonal 
algebraic system and the solution of this tri diagonal systen 
can easily be obtained by using an efficient and stable method 
called ^Discrete Invariant Imbedding'* 

2m 3 DISCRETE INVARIANT ^BEDDING 


In order to solve the tridiagonal system 


®i^i^l “ ^i^i + = ^i 


(2.# 17) 


for i = 1# 2/ •,N--l/ where # ^i ' ^^i ^i given by the 
equations ( 2 - 13 ) - ( 2 - 16 ) respect ively^^ subject to the boundary 
conditions 


y^ = y(0) = a ( 2-13a) 

= yd) = 3, (2^18b) 

we make use of the method of discrete invariant imbedding 
( Angel and Bellman [ 4] ) • We seek a difference relation of the 
form 

Y± = + Tj, (2^19) 

where and T^ corresponding to W(xj^) and T(xj|^) are to be 
determined- Prom (2-19) we have 


^ 1-1 = 


(2^20a) 



50 


Substituting (2* 20a) in {2*17), we get 


- F^y. 4- 


G. 


E.T, .-H. 
i x-1 X 


yi - %+! + • 

By comparing (2*20b) and (2#19)^ we get 

G. 


and 


w. = 

i P.-EjW 

^i 


T - 

i “ P.-E^W. 


( 2.0 20b) 


( 2^ 21a} 


( 2^ 21b) 


i ^i'^i-l 

To solve these recurrence relations for i » 1^, 2# U 

we need to Icnow the initial conditions for and T ^ This can 

. o o 

be done by considering ( 2^18a) 


y^ = a = W^y^ + T^. (2-. 21c) 

If we choose = O, then T^ = a* With these initial values^ we 
compute sequQitially W^ and T^ for i = 1 , 2 / 5 ^^, N-l| from (2;# 21a) 
and (2*2lb) in the forward process and then obtain y^ in the 
baclward process frcm (2*19) using (2*18b)* 

2*4 STABILITY 

We will now show that the discrete invariant imbedding 
algorithm is computationally stable* By stability, we mean the 
effect of error made in one stage of calculation is not propagated 
into larger errors at later stages of calculations* In other 
words, the local errors are not magnified by further computation* 
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Let us examine the recurrence relation given by (2#21a)« 
Suppose a OTiall error has been made in the calculation 

of then we have 

i~l i-l i-1 '* 
and we are actually calculating 



G, 

1 


^i“^i^i-l 




From ( 2 * 22 ) and (2-*21a), we have 


( 2 ^. 22 ) 


©i 


G. 

1 


Fi-E^CWi.^+ei.^) 


<^1 




^i ®i ®i-l 




=[-iy^] ei-l (2-23) 

under the assumption that initially the error is small* Let 
us assume that > 0 and G^ > O for i = lz2z*»*^N— i; then 
frcffn the assumptions made earlier that a(x) >0 and b(x) > 0/ 
we have 


Pi > %+Gi for i = 1, 2,#**,N-lf ( 2 ,. 24a) 

provided [qi^.i+qi] > [Pi+i+PiJ " I t Pi+l~Pi] - 

Frcam the initial condition of it is clear that IW^I < 


10G275 
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Prom (2* 21a) 


Wj = jri < 1 since Pj > Gj 


^2 

^ ^ since < 1 


^2 “ P^-E^W^ ' F«-E, 


2 ■^2 1 2~‘“2 


■'2 2 2 
successively it follows that 


E^+G^~E^ “ ^ since 


IW^I < 1 for i = 1^2, (2£f24b). 

Then it follows frcsn the equation (2:*23) that 

E 

le^l = IWi|2 Igil le^.jl 

< provided lEj^l < IG^J (2i«25) 

and thus the recurrence relation (2* 21a) is stablCj# us 

now examine the recurrence relation given by (2-2lb)^ Suppose 
a small error has been made in the calculation of 


then we have 


T . n = T . , + c. - 

1—1 1-1 1—1 


and we are actually calculating 


E.T. .-H. 

T - ^ J- 

i " P^-E.W^ 


( 2 -. 26 ) 


'i*’^i"'l-l 
From (2i#26) and (2#2lb), we have 

«— 5 null .itr - ■WI ^ ' 'n ■■nwiJ • mf i riiiriiKWiiWK^Mwwi 


Fi-EiWi.i 


^i-%^1-1 


^i^i~l'^%^l"l"'^i"‘^i'^ i~l'*'^i 


P^-E^W^_j 
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2»5 NUMERICAL EXPERIMENTS 


In this section^ we present three numerical experiments 
to denonstrate the applicability of the method described in the 
previous sections.* 


Example 2*1 : Consider the following hcamogeneous SPP from 
Bender and Orszag [22] /Page : 480? Problari : 9*17 with a = Of 


e x) + y^ ( x) -yC x) = Oj 0 < x < 1 
with y(0) =1 and y(l) = 1. 

The exact solution is given by 


y(x) = 


m m-x m, m„x 

(e 2 - l)e ^ + (1 - e ^)e 2 


m - m. 

(e 2 . e 1) 


-1 + Vi+48 


-1 “ Vl+4e 


where m^ = 


2e 


and m 2 = 


26 


The computational results are presented in the Table 

—3 —4 

for 6 = 10 / 10 ^ respectively* 


( 2* 30a) 
( 2j.30b) 


2*ljr 2*2/ 


Exartple 2-* 2 : Now consider the non-homogen eous SPP from fluid 

dynamics for fluid of small viscosity/ Reinhardt [l25] , 

Example : 2/ 

ey^'Cx) + y'(x) = l+2x , 0 < x < 1 (2*31a) 

with y(0) = 0 and y(l) = 1* (2*3lb) 

The exact solution is given by 

(l-e3p(y39;'e)) 

y(x) s= xCx+l-^) t (26-1) # 

( l-e3p(-l/e) ) 
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The computational results are presented in the Table 2*3/ 2*4/ 

"•3 —4 

for e rs 10 / 10 , respectively. 

Exanple 2*3 : Finally, we consider the following SPP with 
variable coefficients from Kevorkian and Cole [84}/ Page : 33J 
Equations : 2*3*26 and 2*3.27 with a = f 

ey»(x) + (1 - ^)y'(x) - ^ y(x) = 0, 0 < x < 1 (2*32a) 

with y(0) =s 0 and y(l) = 1* (2,* 32b) 

We have chosen to use uniformly valid approximation 
(which is obtained by the method givoi by Nayf^ [l06] , Page : 
148; Equation : 4.2*32) as our 'exact' solution, 

y(x) =s ^ esqp (-(x - ■~)/e). 

The computational results are presented in the Table 2*5/ 2*6, 
for e = 10 / 10 , respectively. 

2.6 DISCUSSION AND CONCLUSIONS 

We have described an approximate method for the numerical 
integration of a class of linear singularly perturbed two point 
boundary value pjxiblems. This is a practical method and can be 
easily implemented on a computer to solve such problems* As 
mentioned/ the method is iterative on the deviating argument 6 * 
The schenie is to be repeated for various choices of 6 (deviating 
argvmient)/ until the solution profiles stabilize* The choice 
of d is not unique taut can assume several values satisfying 
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the condition, 0 < 6 « To reduce the amount of computation, 

we fix the mesh size h and vary the deviating argument 6 ■» 
Finally, we pick up the smallest value of 6 which produces the 
required accuracy# The main feature of the present method is 
that it does not require very fine mesh size^ We have 
irnplem anted this method on three examples, a homogeneous SPP, 
a non-homogen eous SPP and a SPP with variable coefficients, by 
taking different values for Computational results are 

presented in the Tables 2#1 - 2*6, We have given here only a 
few values although the solutions are computed at all the 
points with mesh size h» It can be observed from the tables 
that the present method approximates the exact solutions very 


well 
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Table 2#1 

•P.3 

Computational results for Example 2*1# e = 10 and h = 0*01 


6 - 

X 

loe 

y(x) 

le 

y(x) 

O.le 

y(x) 

Exact 

solution 

0*0 

1.00000000 

1.00000000 

1*00000000 

1.00000000 

0*02 

0.38033740 

0*38083821 

0.38084013 

0.37567774 

0*04 

0*38329647 

0.38 3297 29 

0.383299 23 

0* 38 3259 30 

0*06 

0*39098915 

0.39098998 

0.39099191 

0.39099 386 

0*08 

0*39887946 

0.39888030 

0*39888221 

0*39888451 

0*1 

0.4069 29 36 

0.4069 3019 

0*40693211 

0*40693440 

0*2 

0*44968 231 

0.44968313 

0*44968501 

0*449687 26 

0 j* 3 

0*4969 2697 

0.4969 2777 

0*4969 29 59 

0.4969 3177 

0*4 

0*54913528 

0.54913604 

0*54913776 

0*549 1 398 2 

in 

0 

0*6063287 3 

0*60682941 

0*60683101 

0*6068 3289 

0*6 

0*67058358 

0.67058417 

0*67058557 

0.670587 26 

0*7 

0*74103664 

0.74103715 

0.741038 30 

0.74103969 

0*8 

0.81889167 

0.81889205 

0*81889 290 

0*81889 39 2 

0*9 

0 *9049 26 34 

0.9049 2653 

0.9049 2702 

0^9049 2758 

1*0 

1 *00000000 

1.00000000 

1.00000000 

1.00000000 
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Table 2^1 


Computational results for Example 2<1/ e 


10~^ and h = 0^01 


6 - 

loe 

le 

o.ie 

Exact 

X 

y(x) 

y( x) 

y(x) 

solution 

0*0 

1*00000000 

1 ,00000000 

1.00000000 

1*00000000 

0*02 

0*37540585 

0,375407 24 

0,37540421 

0.37 5 33228 

O 

o 

0,3829 26 28 

0,3829 2767 

0*38 292464 

0*38291405 

0*06 

0,39066119 

0,39066 258 

0,39065955 

0.39064898 

0,08 

0,39855235 

0,3985537 3 

0,39855070 

0,39854015 

0,1 

0,40660290 

0,40660428 

0,40660126 

0.4065907 3 

0,2 

0.449 36161 

0,44936 298 

0,449 36001 

0*449 34966 

0^3 

0.49661688 

0*49 661820 

0.49661532 

0*49660532 

0*4 

0*54884154 

0,54884279 

0*54884007 

0*5488 3059 

0*5 

0*606558 21 

0,606559 35 

0*60655684 

0*60654812 

0*6 

i. 

0*67034440 

0*67034541 

0*67034319 

0*67033548 

0*7 

0*7408 3842 

0*740839 24 

0,74083740 

0*74083101 

0*8 

0*81874564 

0,818746 24 

0*8187 4489 

0*81874018 

0*9 

0*90484565 

0*90484597 

0*90484523 

0*9048426 2 

1*0 

1*00000000 

1*00000000 

1 ,00000000 

1,00000000 
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Table 2*3 


Computational results for Example 2*2/ s 


lO*"^ and h = 0.01 


6 

X 

0.18 

y(x) 

le 

y(x) 

108 

y(x) 

Exact 

solution 

0^0 

0.00000000 

0.00000000 

0.00000000 

0.00000000 

0^02 

-0.969 39 247 

-0.969 39173 

-0.969 39189 

-0.97764000 

0.04 

-0.9 5641220 

-0.95641156 

-0.95641167 

-0.95648000 

Oj.06 

-0.9 3451978 

-0.9 3451919 

-0.9 34519 29 

-0.9 3452001 

CD 

O 

O 

-0.91176031 

-0.9117 5979 

-0.91175987 

-0.91176000 

0.1 

-0.888 200 28 

-0.8881998 3 

-0.888 20001 

-0.88820001 

0.2 

-0.75840011 

-0.75840001 

-0.75840002 

-0.7 5840001 

0.3 

-0.60860002 

-0.60860015 

-0.60860001 

-0.60860001 

0.4 

-0.4387999 2 

-0,43880029 

-0.43880001 

-0.43880001 

0.5 

-01.24399985 

-0.24900036 

-0.24900000 

-0.24900001 

0.6 

-0.03919980 

-0.039 20038 

-0.03919999 

-0.039 20000 

0.7 

0.19060021 

0.1905996 3 

0.19060001 

0.19060000 

0.8 

0.44040019 

0-44039970 

0,44040000 

0.44039998 

0.9 

0.71020012 

0.7101998 3 

0.71020000 

0.71019998 

1.0 

1.00000000 

1 .OOOOOOOO 

1 .00000000 

1.00000000 


Table 2*4 


Computational results for Example 2*2/ e 


lo”^ and h = 0.01 


6 

X 

0^.18 

y(?c) 

18 

y(x) 

108 

y(x) 

Exact 

solution 

0*0 

0*00000000 

0*00000000 

0.00000000 

0.00000000 

0*02 

-0*979 3048 2 

-0*979 306 21 

-0*979 30598 

-0*97940400 

O 

o 

-0*9 58 20699 

-0*9 58 20819 

-0.958 20799 

-0*9 58 20799 

o 

o 

-0*9 36 21116 

-0*9 36 21216 

-0*9 36 21^0 

-0*9 36 21200 

0*08 

-0*91341533 

-0*91341613 

-0*91341601 

-0*91341600 

0*1 

-0*88981949 

-0*8898 2010 

-0*88982000 

-0*8898 2000 

0*2 

-0*75984022 

-0.7598 3995 

-0.75984000 

-0^7 5984000 

0*3 

-0*6098603 3 

-0*60985937 

-0.60986000 

-0*60986000 

0*4 

-0*43988129 

-0*43987979 

-0.43938000 

-0*43988000 

0*5 

-0*24990153 

-0*2498997 3 

-0.24990000 

-0.24990000 

0*6 

-0*0399 2169 

-0*03991970 

-0*03991998 

-0.0 3991999 

0*7 

0*19005339 

0*19006029 

0*19006002 

0*19006000 

Oj.8' 

0.44003868 

0*44004023 

0*44004002 

0*44003999 

0*9 

0^71001922 

0*71002015 

0*71002001 

0*7100 2001 

1*0 

k 

1 '.00000000 

1 .00000000 

1.00000000 

1.00000000 
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Table 2*5 

COTipiatational results for Example 2-3, e = lo”^ and h = 0-01 


6 - 

X 

0-lS 

y(x) 

le 

y(x) 

loe 

y( 3c) 

Exact 

solution 

o 

o 

0-00000000 

0-00000000 

0-00000000 

0-00000000 

o 

h 

o 

0-5015947 3 

0-50159419 

0-5015887 2 

0-50505050 

o 

o 

0-51091010 

0-510909 58 

0-51090406 

0-51020408 

0-06 

Oj.516 207 55 

0-51620705 

0 - 516201 52 

0-51546 39 2 

CO 

o 

o 

0-52157918 

0-52157880 

0-52157 324 

0-52083334 

0-1 

0-52706 355 

0-52706 312 

0.52705756 

0-52631579 

0-2 

0-55631049 

0-55630967 

0.556 30407 

0-55555556 

0-3 

0-58899110 

0.588990 26 

0.58898475 

0,58823530 

0-4 

0.6 2574788 

0-6 25747 14 

0.62574168 

0-62500000 

0.5 

0-667 39 370 

0-667 39 284 

0.667 387 57 

0-66666666 

0 -6 

0-7 1497 241 

0.7 1497 1 30 

0.714966 28 

0.7 1428571 

0-7 

0,76984640 

0-7698 4574 

0.76984129 

0,769 2 3077 

0-8 

0-8338 3209 

0-8338 3141 

0-8 3382790 

0-33333333 

0-9 

0-909 399 26 

0-909 39917 

0.909 39704 

0-90909090 

1.0 

1-00000000 

1-00000000 

1 ,00000000 

1 -OOOOOOOO 


Table 2^6 


Computational results for Example 2*3^ e 



and h = 0,01 


6 ^ 

X 

o*le 

y(x) 

le 

y( x) 

loe 

y{x) 

Exact 

solution 

0*0 

0.00000000 

0.00000000 

0.00000000 

0 .00000000 

0*02 

0*50507 540 

0.50507437 

0.5050690 2 

0.50505050 

O 

« 

o 

0.51027386 

0.5102779 3 

0.51027 257 

0*51020408 

0,06 

0*5155339 5 

0*51553801 

0.51 55 3 260 

0*51546392 

0*08 

0*52090857 

0*52090763 

0*52090220 

0*5208 3334 

0^1 

0*526 39124 

0*526 39028 

0*526 38485 

0*52631579 

o 

to 

0*5556318 2 

0*55563077 

0*5556 2529 

0*55555556 

0*3 

0*588 31143 

0*588 31061 

0*58830518 

0*588 23530 

0*4 

0*62507507 

0*62507465 

0*625069 22 

0*62500000 

0*5 

0*6667 3969 

0*6667 39 27 

0*6667 3400 

0*66666666 

0^6 

0*71435481 

0*71435439 

0*714349 37 

0*71428571 

0»1 

0*769 29 266 

0*769 29 240 

0*769 28798 

0*769 2 3077 

0*8 

0*83338 353 

0*8 3338 336 

0*83337978 

0*83333333 

0*9 

0*90912169 

0.90912184 

0.9091197 2 

0*90909090 

1.0 

1.00000000 

1*00000000 

1.00000000 

1 .00000000 



CHAPTER 3 


A NONASYMPTOTIC METHOD FOR 
SINGULAR PERTURBATION PROBLEMS 

3j,l INTRODUCTION 

Instead of replacing the original second order differential 
equation by an appioxlmat e neutral type first order differential 
equation with a small deviating argument we can replace it 
simply by an approximate first order differential equation with 
a small deviating argument. Then also, instead of using 
trapezoidal formula we can discuss how the higher order methods 
such as the Sirrpson's formula can be errployed on the resulting 
probletis. However, we would like to preserve the tridiagonal 
nature of the discrete system. 

Based on the above arguments, a nonasymptotlc method 
for solving linear singularly perturbed two point boundary value 
problems with a boundary layer on the left end of the interval 
is presented in this chapter# This is an alternative method 
to that of Chapter 2, and also siirpler than that method. This 
method also does not d^end on asymptotic expansions and on 
the matching of coefficients. It requires a minimum of problen ■ 
preparation and is readily Implanented on a computer. The main 
feature of this method is that it does not require very fine 
mesh size# We r^lace the original second order differential 
equation by an approximate first order differential equation with 
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a small deviating argtiment* Then, we use the Sln^son's rule 
for the numerical integration of the first order differential 
equation with a small deviating argument to obtain the three~ 
tenri recurrence relationship^ Tridiagonal algebraic systen is 
solved efficiently by anploying the discrete invariant imbedding 
algoritlm^ The pro]^osed method is to be repeated for different 
choices of the deviating argument, until the solution profile 
stabilizes* Several numerical examples have been solved to 
demonstrate the efficiency of the method* 

3*2 NONASyMPTOTIC METHOD 

For conv^ience we call our method the ^nonasymptotic 
method'* To set the stage for the nonasymptotic method, we 
consider the following singular perturbation problem (SPP) : 

ey*{x) + a(x)y'(x) + b(x)y(x) =f(x) jr 0<x<l (3*l) 

with y(0) = (X and y(l) = 0 (3*2) 

where s is a small positive param^er (0 < s << l)* are 

given constants^ a(x), bCx), and f(x) are assumed to be suffi** 
ciently continuously differentiable functions in [o,l]* 
Furtheimore, we assume that a(x) > M >0 throughout the interval 
v^ere M is some positive constant* This assuirption 
merely implies that the boundary layer will be in the neighbour- 
hood of X = 0* 

Let 6 be a small positive deviating argument (0 < 6« l)* 
By using Taylor series e 3 ^ansion in the neighbourhood of the 
point X, we have 
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.2 

y(x • 6) «y(x) ~ 6y'(x) + -y y*Kx) (3^3) 

and consequently, the equation ( 3 -I) is r^laced by the following 
first order differential equation with a small deviating 
airgument : 

2ey{x~6) ~ 2ey(x) + 2e6y'Cx) + 6^a(x)y'(x) + 6^h(x)y(:>d =6^f(x) 

( 3^4) 

Transition from the equation (3*l) to equation (3*4) is admitted, 
because of the condition that 6 is small (0 < 5 « l)* We 
rewrite the equation ( 3*4) in the following convenient form : 

y' ( x) = p(x)y(x— 5 ) + g(x)y(x) + r(x) (3^5) 

for ^5^5^ where 

. -26 

p(x) s ( 3 - 6 ) 

256 + 6 3(x) 

25 7 6 x) 

q( x) = 5 ( 3*7 ) 

255 + 5'^a(x) 

6 ^f ( x) 

r( x) = 5 * ( 3 * 8 ) 

256 + 6 '^a(x) 

We now divide the interval [o,l] into N equal parts with mesh 
size h, 

ij^ej* h = ^ and x^ = ih for i = 0 , 1 , 2 , **##N.* 

Integrating the equation (3*5) in * ( i=l# 2 /**-/N— l), 

we get 

^i +1 T 

yCx. -) - y(x^) =/ [p(x)y(x-6)+q(x)y(x)+r(x)J dx> 

1+1 
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By making use of the Simpson's rule for evaluating the integrals 
approximately# we obtain 

+ ^ [p'^i+i’yf’^i+i-'S'] 

Vi 

+ ^ [r(xj^)+4r( ] * (3«9) 

By means of Taylor series expansion# we have 


y(x-6) w y(x) - 6y'(x) 

and# then by approximating y'(x) by linear interpolation# we get 

y( x^ ) - y( Xj _- ) 
y(x^-6) js yCx^) -6{ ^ 


and 


= (l ~ ^ 


y(xi^j-5)is (1 - |)y(xi+j) + E y(xj^) 


( 3-10) 


(3-11) 




) 


and/ in a similar way 

y‘='i+V2"®’ **^'^i+V2’ ■*' 

= ^'==1+1/2' ■ H y<^i+i' + 1 

Hence# by making use of ( 3 -I 0 )# (3-11)# and (3-12) in (3-9) 


leads to 
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+ pCxj^)+ ^ P<Xi+i/2)+ I p(xj^j)+|qCxj^)]y(xj^) 

+ [|- p(x^)]y(xj^_j) 


+ [^ P'==i+V2’ + ^ 'J'='l+V2’]y‘='l+V2’ 

+ ^ [r{x^) + 


( 3-13) 


Agairiy by using Taylor'^ s theoron it is easy to show that 


y'='i+v2’ = 




( 3-14) 


In view of the equation (3-5) and the above (3-14) we get 

y'^i+V2' ” § ^Kx^) + I 

Vi 

+ g [p(xj^)y(x^-6)+q(xjL)y(xjL)+r(x^)] 

~ §[p(3c^+l^yCxj^^j-6)+q(x^_i,^)y(x^^^)+r(x^_j.^)]- (3-15) 
By making use of (3i<»15) in (3-13) we get 
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+(f-| q(=4^+i))(-^p(xi+i/2)+-r ‘3‘^+v2'^3y'^+i’ 

+ p(=^) +#■ p(=^+v2’ + f + 5 

+(| + | q(x^))(^ P<^i+V2'+X 'l‘=S.+V2'’^ 

+ [| p<xj^)] y(xi_i> 

+ [|<^ P^^1+V2^ * ^ 'i‘='i+V2”pW’ 3 yCxj-e) 

P<^1+V2''^'^ ‘s'='i+V2)’p'W3 y^H+r^^ 

+ 1^5+1 'x P'^l+V2^ ■*■ ^ ‘*'""1+1/2*'^ hr(x^) 

+ 1^1 ^ 1'^ P'='i+V2' * ^ ‘J'=‘i+V 2”3 hrCx^^^) 




(3*16) 


Finally, by making use of equations ( 3 # 10 ) and ( s^ll) in the 
equation (3s«16) leads after simple manipulation to the following 


three-^erm recurrence relationship : 


®i ^i-l •'^1^1 + ^1 ^i+l = ""i 


(3-17) 


"or i = l,2t ’where 
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t" I Pi '-r P1+V2 + ‘ 3 i+V 2 ’Pi] 


( 3^18) 


[l + Pi + T" Pi+1/2 ^ ^i+1 + ^ 

4 . (i + p^«| + § qi)(-f 2 ^i+V 2 ^^ 

(3-19) 


Cl + ^ P1+V2 


+ (- 4 + 


(h-6) 


- ^ ^ ^ rr 

6 . P±+i ^ ^1+1 
■6) h ^ (-^h ^ 4h 

Pi+1 + ^ Pi+V2^“r %+v2 


t| + S' P1+V2 X ‘Il+V2'l '^'^l 
+ C s - s P 1 +V 2 * "t 5i+v 2^^ '"'^i+i 


( 3* 20 ) 


. 4h 

^ ^1+1/2 


( 3 - 21 ) 


and is yCx^^)/ p^ 51 pCx^)^ q^ =s q(x^), and r^ = r(x^)- 
Equation (3-17) gives a system of (N-l) equations with (N+l) 
unknowns y^ to y^j- The two givoi boundary conditions (3-* 2) 
together with these (N»l) equations are then sufficient to 
solve for the unknowns y^'s- The matrix problem associated 
with the equation ( 3i«17 ) is tridiagonal algebraic system and 
the solution of this tridiagonal system can easily be obtained 
by using an efficient algorithm called Discrete Invariant 
Imbedding (Angel and Bellman C4])r In this algoritlan we set a 
difference relation of the form 
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^i+l + ^3-22) 

where and correspond to W(x^) and TCx^) are to be determined* 
Prom (3-_*22) we have 


“ ^i— 1 '^i-l'* 

Substituting (3*23) in (3*17), we get 


G, 


y. * 


^i - % ^i-l 


. "=i ^i-1 “ «i 

y + , 

Pi - 


By ocxnparing (3*24> with (3*22), we get 


( 3*23) 


( 3*24) 


% = 


and 


Ti = 


^i - % 


^i-l '- »i 
^i “ % ''i-l 


( 3*25) 


(3*26) 


To solve these recurrence relations for i s= 1, 2,*#*,N— 1-; we need 
to know the initial conditions for and T^. This can be done 
by considering the boundary condition y(0) =s a., as follows 


= a = y^ + T^* 

If we choose = 0, then T^ = a.^ Using these initial values, 
we first compute and T^ for i = 1, 2, ***/N-lj from (3j*25) and 
(3i#26) in the forward process*. Then we obtain the solutions 
y^ for i = N-1, N-2,***, 2, in the backward process from (3*22) 
using the remaining boundary condition = y(l) « 0* 
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R^eat the process for different choices of 6 (deviating 
argument^ satisfying the condition^ 0 < 6 « 1), until the 
solution profiles do not differ materioiliy from iteration to 
iteration^ For canputational point of view/ we use an absolute 
error criteria, namely 


where 


and 


ly(x)"^^ - yCx)”^! <cr;0<x<l (3-27) 


y(x)^ ss the solution for the m-th iterate of 6 


<7 = prescribed tolerance bound- 


3-3 NUMERICAL EXAMPLES 


To demonstrate the efficiency of the nonasymptotic method, 
we have applied it to three exan^les : a homogeneous SPP^ a 
non^homogeneous SPP, and a SPP with variable coefficientS|» .Each 
of these examples has been chosen because either analytic or 
approximate solutions are available for Comparison- 

Example 3-1 i Firstly, we consider the homogeneous SPP from 
B^desr and Orszag l22]f Page : 480/ Problon : 9-17 with a = 0/ 


ey^x) + y'(x) *-y(x) = 0, 1 

with y(o) rs 1 and y(l) = 1- 


{3f73) 
( 3-29) 


The exact solution is given by 


m. 


y(x) = 


(e ^-^-1) 


m^^x 


t (1 ■ 


m- m X 
e )e ^ 


m_ m- 

(e 2 _ e 1) 


(3,. 30) 



where 


« _ -i- ^ 1 +4S ^ -1 ~ Vl+4s 

^ ^2 “ ^ 


The cxanputational results are presented in the Table 3j#l^ 3 ^ 2 , 


for s = 10 ^,10 respectively. 


Example 3.* 2 : Secondly, we consider the non-homogoieous SPP 
from fluid dynamics for fluid of small viscosity, Reinhardt [1253, 
Example : 2* 


ey*(x) + y'(x) * 1 + 2x, 0 < X < 1 (3-31) 

with y(0) =0 and y(l) = 1. (3*32) 

The exact solution is given by 

y(x) = x(x+l-2e) t (2e-l) (3*33) 

The computational results are presented in the Table 3*3, 3*4, 

•**3 "“4 

for e = 10 ,10 , respectively. 

Example 3*3 : Pinailly, we consider the SPP with variable 
coefficients from Kevorkian and Cole [84], Page : 33 / Equations : 
2. 3j* 26 and 2* 3. 27 with ct = / 


ey*(x) + (1 -■^)y'(x) — = 0, 0 < x < 1 ( 3c»34) 

with y( O ) =0 and y( 1 ) = 1. C 3. 35 ) 

We have chosen to use uniformly valid approximation (which is 
obtained by the method given by Nayfeh [l06] , Page : 148? 
Equation : 4.2#32) as our 'exact' solution 

y{x) s e3q>(-(x - ^)/e). (3*36) 

The computational results are presented in the Table 3j*5, 3.6, 

mm "li ***4 

for e ss 10 ,10 , respectively. 



3i.4 DISCUSSION 

First of all/ it is of interest to note that a feature 
of the nonasyn^totic method which is different from the method 
of Chapter 2 is that to evaluate the coefficients (3-fl8) — 
values of p(x)/ q(x)# and r(x) are required at the grid location 
( x^ + This is due to the use of Simpson'^s fomulaj* Another 

feature of the nonasyrptotic method is that to evaluate the 
coefficients (3*18) - (3^21)/ we donot need the derivatives of 
the functions p(x)/ qCx), and r(x) v^ich is essential in the 
method of Chapter 2* Since the Simpson's formula is more 
accurate than the trapezoidal formula^ it is expected that the 
present method will in general produce more accurate results 
than that of Ch^ter 2^ As mentioned/ the method is iterative 
on the deviating argument 6 m The schane is to be r^eated for 
various choices of 6 (deviating argument), until the solution 
profiles stabilize- The choice of 6 is not unique tut can 
assume any nxomber of values satisfying the condition/0 < 6 << 1- 
To reduce the amount of computation, we fix the mesh size h and 
vary the deviating argument 6 Finally, we pick up the smallest 
value of 6 which produces the required accuracy- We have 
implemented this method on three examples, a homogeieous SPP, 
a non^homogeneous SPP and a SPP with variable coefficients, by 
taking different values for e- We have tatulated the conputational 
results obtained by the present method as well as the exact 
solution- We have given here only a few values although the 
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solutions are computed at all the points with mesh size h^ 

It can be observed fixm the tables that the present method 
approximates the exact solution very well* This shows the 
efficiency and accuracy of the present method,. 

3i.5 CONCLUSIONS 

We have described the nonasynptotic method for solving 
singular perturbation problems* It provides an alternative 
and supplementary method to the conventional ways of solving 
singular perturbation problems. The nonasynptotic method possesses 
several advantages. First/ it does not depend on as3;mptotic 
expansions and on the matching of the coefficients/ and hence 
it does not require the analysis# experimentation/ and knowledge 
necessary in the conventional methods to find the appropriate 
asyrptotic ejqjansion. Second, it does not require very fine 
mesh size. Third, the method is primarily a numerical technique 
and is readily adapted for computer implenentation with a 
modest amount of problan pr^aration. Fourth, it is accurate, 
and efficient. The numerical experiments demonstrate this fact. 
Finally, we conclude that the non asymptotic method appears to be 
one of the best choices for numerically solving singular 
perturbation problans with less amount of computational effort. 
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Table 3*1 


Computational results for Example 3*1, e 


lo"^ and h = 0.-01 


6 

X 

0-001 
y( x) 

0-003 

y(x) 

Exact 

Solution 

o 

o 

o 

1-00000000 

1,00000000 

1-00000000 

O 

o 

0-41556128 

0-38199903 

0^.37 5677 7 4 

o 

o 

0- 386 5159 2 

0- 38 3 36102 

0- 38 3259 30 

W 

0-06 

0-39198 304 

0- 3910 3 368 

0-39099 386 

0.08 

0-3997 3213 

0 - 398 9 2 365 

0-39888451 

0.1 

0.40777165 

0.40697 346 

0-4069 3440 

0.2 

0.45050903 

0-4497 2562 

0-449687 26 

0-3 

0-4977 26 28 

0.49696886 

0-4969 3177 

0-4 

0-54989 229 

0-54917496 

Oj.549 1 398 2 

0-5 

0-60752575 

0-60686526 

0-60683289 

0-6 

0-67119969 

0-67061586 

0-67058726 

0-7 

0-741547 21 

0.74106 340 

0-74103969 

Oj-S 

0-819 26778 

0-81891139 

0-81889 39 2 

0-9 

0-9 051 3413 

0-9049 37 22 

O 1.9049 27 58 

1-0 

1-00000000 

1-00000000 

1-00000000 
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Table 3*2 


Computational results for Exanple 3 * 1 ^ s 


10 ^ and h = Oj^Ol 


6 

0^001 

y(x) 

0.003 

y( x) 

Exact 

Solution 

o 

o 

o 

1-00000000 

1-00000000 

1-00000000 

o 

rh 

O 

0-37608900 

0.37542742 

Oj. 37533228 

o 

rk 

O 

0- 38 3015 2 2 

0-38 293293 

0-38 291405 

0*06 

0-390749 36 

0-3906678 3 

0^3906489 5 

00 

o 

o 

0.39864033 

0-39855897 

0-39854015 

0^1 

0-40669076 

0-406609 51 

0-4065907 3 

k.. 

0^2 

4 .. 

0-449 4479 3 

0-449 368 1 2 

0-449 34966 

i. 

0^3 

0.49670035 

0.49662317 

0^49 660 5 32 

0^4 

0.5489 2063 

0-548847 51 

0-5488 3059 

0^5 

0.60663104 

0.60656369 

0-60654812 

0^6 

0.67040880 

0-670349 26 

0-670 33548 

O57 

0-74089178 

0-74084243 

0-7403 3101 

Oj.8 

0.8187849 5 

0-81874359 

0-31374018 

0^9 

i.. 

0-904867 37 

0-904847 27 

0-9048426 2 

l,.o 

1-00000000 

1-00000000 

1-00000000 
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Table 3«3 

•W ^ 

Computational results for Example 3*2/ s = 10 and h = 0.#01 


6 

X 

0*001 

y(x) 

0.003 

.y(x) 

Exact 

Solution 

o 

o 

6 

0*00000000 

0.00000000 

0.00000000 

0*02 

-0*91098 335 

-0*96744455 

-0*97764000 

o 

o 

-0*94811980 

-0*95616699 

-0*9 5648000 

4 .. 

0*06 

-0*9 298908 3 

-0*9 3431020 

-0*9 3452001 

Oj.08 

-0*907 45152 

-0*9115556 3 

-0*91176000 

0^1 

-0*88 399906 

“0*88800007 

-0*888 20001 

0*2 

-0*75466667 

“0*758 22229 

-0*75840001 

0*3 

-0*60533334 

-0*60844451 

-0j.60S60001 

0^4 

-0*43600001 

—0*4386667 5 

“0*43880001 

O 1.5 

“0*24666669 

-0*24888897 

-0*24900001 

0*6 

- 0*03733337 

-0*03911112 

-0*039 20000 

0*7 

0*19199996 

0*19066659 

0*19060000 

0^*8 

0.44133330 

0*44044438 

0*44039998 

0 

% 

0*71066664 

0*7 1022218 

0*71019998 

1*0 

1.00000000 

1.00000000 

1*00000000 
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Table 3*4 

Computational results for Exanple 3«2^ e = 10*"“^ and h = 0*01 


6 

X 

0*001 

y( x) 

0*003 

y( x) 

Exact 

Solution 

o 

O 

o 

0*00000000 

0*00000000 

0^.00000000 

0*02 

-0 *97790708 

-0*979 26145 

-0*97940400 

0(#04 

-0*9577 5919 

-0*9581866 2 

-0*9 58 20799 

0*06 

-0#9 3577 359 

-0*9 3619109 

-0*9 3621200 

CO 

o 

o 

-0*91298689 

-0*91339555 

-0*91341600 

0*1 

-0*83940019 

-0.88980000 

-0*8898 2000 

0*2 

-0*75946671 

-0*7 5982230 

-0*7 5984000 

0*3 

-0*60953330 

-0.60984460 

-0^60986000 

0*4 

-0*439 59989 

-0.43986688 

-0*43988000 

0*5 

L 

-0* 24966651 

-0*24988914 

-0*24990000 

0j*6 

-0*0397 3315 

-0*03991139 

-0*0 3991999 

0*7 

0*19020017 

0*19006641 

0*19006000 

0(*8 

0*44013348 

0*44004424 

O 1 . 44 OO 3999 

0*9 

k. 

0*71006677 

0*71002211 

0j*7 100 2001 

1^0 

1*00000000 

1.00000000 

1*00000000 
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Table 3*5 

— 3 

Computational results for Example 3-3^ e = 10 and h = 0^01 


6 -> 

X. . 

0.01 

y(x) 

0.05 

y(x) 

Exact 

Solution 

0-00 

1 - 

O. 00000000 

0.00000000 

0.00000000 

0,.02 

0.504769 6 5 

0.50507780 

0.50505050 

4 . . 

o 

o 

0.51045162 

0.510 25380 

0.51020408 

Oj.06 

0.51571275 

0.51551378 

0.51546 392 

0,.08 

0.52108 284 

0.52088 3 33 

0;.5208 3334 

Ogl 

0.5265659 2 

0- 526 36591 

0^.526 31579 

0,.2 

0.55580799 

0.55560612 

0.55555556 

0-3 

0.58848,304 

0.58828594 

0-588 23530 

0-4 

0,62525016 

0-62505014 

0.62500000 

in 

o 

0.66690987 

0.66671540 

0.66666666 

0.6 

0.71451534 

0.7143317 3 

0.71428571 

0.7 

0,76943678 

0.769 27 203 

0.769 2 3077 

CO 

o 

0.3 3350027 

0*8 3336679 

0-8 3333333 

0-9 

0.90919 4 26 

, 0.90911160 

0.90909090 


1-0 


1.00000000 


1.00000000 


1.00000000 
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Table 3^6 

Computational results for Example 3*3# e = 10 and h = 0^.01 


6 -*• 

X, 

0.01 

y(x) 

0.05 

y( x) 

Exact 

Solution 

0^00 

0.00000000 

0.00000000 

0.00000000 

o 

o 

0.50506970 

0.50505522 

0.50505050 

0^04 

0.51022895 

0.510209 04 

0.51020408 

0^06 

0.51548886 

0.51546890 

0.51546 392 

CO 

o 

o 

0.520858 34 

0.5208 38 33 

0.5208 3334 

Ofl 

0.52634086 

0.52632080 

0.52631579 

0f2 

0.55558087 

0.55556063 

0-.55555556 

0if3 

0.588 26064 

0. 588 240 39 

0^ 588 2 35 30 

0^4 

0.62502508 

0.62500502 

0.62500000 

0l*5 

0.66669103 

0.66667159 

0.66666666 

0i*6 

0.7143087 3 

0.71429036 

0.71428 571 

0i?7 

0.769 25144 

0.769 23491 

0^769 23077 

o 

CD 

0.8 3335008 

0.8 3333671 

0^8 3333333 

0^9 

t.. 

0.90910127 

0.90909 307 

Oj.90909090 

ImO 

1 .00000000 

1.00000000 

1.00000000 


CHAPTER 4 


THE METHOD OF INNER BOUNDARY CONDITION: A NEW 
approach for SOLVING SINGULAR PERTURBATION PROBLEMS 

4^1 INT RDDUCT ION 

In order to know the b^avior of the solution of the 
singular perturbation problem in the boundary layer region^ it 
is always suggestive to divide the original problem into two 
problems and to solve them separately^ Keying this in mind^ 
a new approach based on the method of inner boundary condition 
for solving singular perturbation problems is presented in this 
chapterj# The general idea of the domain decomposition process 
dates back to Prandtl [l24]^ which was later named as the 
method of matched asymptotic ej^ansions (See, e*g# Eckhaus [43] 
Van Dyke [ 138] , Kevorkian and Cole [84] , O'Malley [113]# 

Nayfeh [l06] , Hemker et al*[fe6], and Axelsson et al* [12]^);* 
Recently, Flaherty and O'Malley [56] have used a similar idea 
very successfully to treat certain stiff systems of ordinary 
boundary value problems;* Very recently, Hsiao and Jordan [74] 
have used this idea to certain classes of singular perturbation 
problems;* Also, Lorenz [9 5] has discussed this approach for 
a class of nonlinear singular perturbation problems* Looking 
at the literature cited above, an Interesting but amusing 
observation that has been made is that some of the workers have 
attempted to solve the singular perturbation problon in the 
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outer region as a reduced problem obtained by putting 8=0 and 
thereby ignoring the contribution due to this term/ however small 
it may he, to the solution of the original problem* Our aim here 
is to solve the singular perturbation pix>bletn/ as it is# in both 
inner as well as outer regions without disturbing the nature 
of the equation* This method is designed on the basis of the 
asymptotic b^avior of the singular perturbation problem* The 
original problem is partitioned into inner and outer region 
differential equation systems* To obtain the terminal boundary 
condition/ asymptotic expansion is used in the outer region 
with appiopriate boundary condition* Using an appropriate 
transformation, a new inner region problem is obtained and 
solved as a two point boundary value problem* The derivative 
boundary condition at the terminal point is then derived from 
the solution of the inner region problem* Using this condition, 
the outer region problem is efficiently solved by employing 
the classical finite difference scheme* Finally, the solutions 
of inner and outer region problems are combined to obtain an 
approximate solution to the original problem* The process is 
to be r^eated for various choices of terminal point of the 
inner region, until the solution profiles stabilize in both the 
regions* Some test examples have been solved to demonstrate 
the applicability of the method and the numerical results are 
compared with exact solutions* 
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4^2 DESCRIPTION OF THE METHOD 

To be specific, we consider the following singular 
perturbation problem (SPP) : 

ey*( x)+f(x)y^(x)+g(x)y(x) = h(x),0 < x < 1 (4<l) 

with y(0) ss a and yCl) = 0 (4*2) 

where s is a small positive parameter (0 < e « 1)/ a,3 are given 
constants# f(x),g{x), and h(x) are assumed to be sufficiently 
continuously differentiable fiinctions in [o, l]* Furthermore, 
we assume that f(x) > M > 0 throughout the interval vdiere 

M is some positive constant^ This assumption merely implies 
that the boundary layer will be in the neighbourhood of x = 0* 

As mentioned, we divide the original problexi into two 
problems, an inner region problem and an outer region problonj# 
Then the inner and outer regions are given by 0 < x< 0(s) and 
0(s) < X < 1 respectively* Let 3^ be the terminal point or 
common point or width or thicl<ness of the inner region* To 
obtain the teminal boundary condition (i*e* an approximate 
value of y at the terminal point 3^), we use the asyrrptotic 
expansion in the outer region with appropriate boundary condition* 
As is well taiown from the singular perturbation theory (cf* 

Nayfdi [l06]) that for the case f(x) >0 in [o,l], the boundary 
condition at the origin must be dropped and the boundary 
condition at the other end (i*e* at x =s l) has to be taken into 
account in the outer region* Hence, the outer region problan 
is given by 
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ey*( x)+f ( x)y'( x)+g( x) y( x) = h(x), ^£1 (4#3) 

with y(l) = p, ( 4 - 4 ) 

We shall seek an outer solution as an asynptotic ej^pansion in 
the foxm^ 

oo 

y(x) = 2 a_(x) e" (4-5) 

naO 

where ^(x) are unknown functions to be determined# Substituting 
the equation (4-5) in the equations (4*3) and (4-4) we get 

e [a- + ajfe + a«6 2+„,] 

+ f(x) [a'+a^e + 

t g(x) [aQ+aje+a 2 S^+— - ] = h(x) (4-6) 

for 3 ^ < 'X < 1 with 

aQ( l)+aj^( l)e4'a2( l)s ^ +— •— = 8 — (4—7) 

Equating the coefficients of various powers of e in equations 
( 4 - 6 ) and (4-7), we get 

f ( x)aQ+g( x)a^ =5 h(x) with aQ(l) = p (4-8) 

f(x)a'+g(x)aj^ = "’^'n-l ° (4-9) 

where n = 1,2# 3,--- # 

The solution of (4-8)- if we take account of the boundary 
condition, is 

a^(x) = [exp(- / d§)] [ / expi / d0d&i-p. ] . ^ 
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Recursively^ the functions a^C x) ^ 32^ x) # can be obtained by 

solving the equation (4^9) for n = 1 , 2 ^ ■* Thus/ the 

e 3 <pansion for y(x) given in equation (4^5) is obtained^ Hence, 
the terminal boundary condition can be obtained from (4.#5) and 
denote 


y(x^) = t 

^ n=£) 




: c= a# 


( 4#ll) 


Since the terminal point 3 ^ is common to both the inner and 
outer regions, it defines the inner region problem as a two 
point boundary value problem : 


6 y^(x)+£(x)y*(x)+g(x)y(x) =h(x), 0< x<Sp (4^12) 

with y(o) =s a and yCs^) = (4*13) 

We choose the transformation 

X — ts ( 4 * 14a) 

to create a new inner region problon. By rescaling the equation 

( 4 * 12 ) with 


y(x) = y(te) » Y(t) 

(4i#14b) 


C4*14c) 

e ‘‘ 6 

( 4*14d) 

f(x) * f(t8) = F(t) 

(4*14e) 

g(x) = g(te) = G(t) 

(4*14f) 

h(x) =» h(te) « H(t),. 

(4*14g) 
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we obtain the new differmtial equation for the inner region 
solution as, 

Y"(t)+P(t)Y'(t>+eG(t)Y(t) =eH(t). (4*15) 

Boundary conditions for the equation (4*15) are deteunined by 
(4*14b), (4»14a) and (4*13) as, 

Y(o) = a and Y(t ) = a* (4*16) 

We solve this new inner region problem (4*15) — (4*16) to obtain 
the solution over the interval O 5 this solution, 

we determine the value of Y^(tp) and in turn y'(3^) by using 
the equation (4* 14c) and denote it as 

Y-'(t ) 

y'(:5^) * = 0* (4*17) 

Returning back to the outer region, we have the outer region 
problem as a two point boundary value problem : 

ey*'(x)+f(x)y'(x)+g(x)y(x) = h(x), 3^ < x < 1 (4*18) 

with y'(3^) = 3 and y(l) = ^• (4*19) 

We solve this outer region problem (4*13) — (4*19) by employing 
the classical finite difference scheme to obtain the solutions 
over the interval 3 ^ < x < 1* We divide the Interval [3^,1] 
into N equal subintervals with st^ size h = — / and r^lace 
the differential equation (4*18) by a set of difference equations 
using the central differeice formulae (cf* Pox [57]) 
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“ 2h ^ 


(4-2Da) 


h'^ 


(4* 20b) 


The derivative boundary condition (4<19a) is also replaced 
by the corresponding difference equation* Including the 
difference equation at the teminal point 3 ^ ^ we have N 
linear algebraic equations involving y( 3 i^),y(x 2 )/ 
as un]<nowns* This algebraic system is in the tridiagonal form^ 
which can be very easily and efficiently solved by a direct 
method (for details^ see Angel and Bellman [ 4 j/ Conte and De 
Boor [ 35 ]) 


After solving both the inner and the outer region 
problons, we combine the solutions of inner and outer region 
problems to obtain an approximate solution to the original 
problem (4*1) • (4*2) over the interval 0 < x < 1* 

R^eat the process for different choices of (terminal 

point of the inner region), until the solution profiles do not 
differ materially from iteration to iteration* For computations, 
one may use an absolute error criteria, namely 


where 


and 


|y{t)^"^^^-y(t)^^^ 1 < a ; 0 < t < t (4*2l) 

y^^)(m) _ iteration of inner region solution 


o =s prescribed tolerance bound* 
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NOI^ : As mentioned, 5 ^ is the terminal point of the inner 

region, 0 < x < 0 (e)* That is 3 ^ = o(e). Hence, in our 
numerical experimentation, we started with 3 ^ s e and repeated 
the process by increasing the (as 5e, lOe, 20e) till the 
condition (4.21) is satisfied. 

4.3 test examples AND NUMERICAL RESULTS 

Example 4*1 : Consider the following homogeneous SPP vAiich has 
earlier been solved by Reinhardt [125] and Roberts [128]* 


syw+y^’+y =s oy 0 < X < 1 
with y(o) = 1 and y(l) = 2^ 


The exact solution is given by 


(2-e ^) 

yg ( x) s= 


r X 
e + 


(el.e2) 


( e -2) 

( e""^ - 




V -1 + _ -1 - /i~4e 

where ^ 2 . - 2e ^2 ~ 26 


In the outer region 3 ^ x < 1, the problem becomes 

ey^'+y'+y =: 0 / 3 jj<X<l 
with y(l) ss 2. 

Assuming the solution in the form, 

00 

y(x) * s aj^(x)e^ 
n!^ 

we get the first order problem as follows 


(4i.22a) 
(4* 22b) 
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a' + = O with a^(l) =2 

■** ^n-1 " ^ with a^^Cl) = 0* 

By taking only three terms in the ej^pansion, we get 

3. q { x .) = 26 ^”^ 

aj(x) = 2(l-x)e^"^ 

2 

a 2 (x) = 2('^ - 3x + '|)e^ ^ 

2 

and hence y(x) = 2e^’’^+2e( 1-x) ^+2e^(~ - 3x +'|)e^ 

Evaluate y(x) at x = 3^ and denote y(3^) = a* 

By choosing the transformation x = te and by rescaling^ we get 
a new differential equation in the inner region 


y" + Y' + ey = 0 ; O < t < tp 
with Y(0) = a and Y(tp) = (t* 


This two point boundary value problani has analytical solution 


y(t) =- 




tF^ 7^ 

(. e ^ - e 


Pit 

e + 


■P) 




P2^ 


-1 + VT=4e 

where ^ 


and 


P2 


-1 -Vl-4e 


From this Y(t)^ we can find Y'Ct) ^ich will provide us y'Cj^) 
and we denote 
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Now coming to outer region again^ we have 

ey" + y^ + y=!0/3<^<X<l 
with =3 and y(l) = p- 

This two point boundary value problem is solved using finite 
difference scheme and the numerical solutions for different 
values of e are presented in Tables 4-1 and 4-2- 

Example 4*2 : Consider the following non-homogenous SPP vdnich 
arises frequently in fluid dynamics^ This has earlier been 
solved by Reinhardt [125] 

&Y** + y^ = l+2x f 0 < X < 1# (4^ 23a) 

with y(o) ss 0 and y(l) = 1 * (4-»23b) 

The exact solution is given by 

{ 26-1) ( l“exp( -Vs )) . 

yp(x) s: + x(x+l-2e)- 

® (l-espC-l/e)) 

In the outer region, the problem becomes 

ey" t y' = l+2x 3 ^ < 1 

with y(l) = I- 

Assuming the solution y(x) in the form 

oo 

y(x) s S 
n=0 

we get the first order equations 
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From this Y(t), we can find Y'(t) vhich will provide us 
and we denote 





Now ccxning to outer region again , we have 


® y" + y' = 1+ 2x , < X < 1 

with y'(3^) = jS and y{l) = 1* 

This two point boundary value problem is solved using finite 
difference scheme and the numerical solutions for different 
values of e are presented in the Tables 4»3 and 4 * 4 * 

4*4 DISCUSSION 

In the present method, the solution of the outer region 
problem provides the terminal condition (y(3^)) for the inner 
region problem. And in turn, the solution of the inner region 
problem provides the terminal condition (y'Cj^)) for the outer 
region problem. This serves as the link between the two regions. 
As mentioned, the method is iterative on the terminal point of 
the inner region. The process is to be r^eated for various 
choices of 3 ^ (terminal point of the inner region) until the 
solution profiles stabilize in both the regions. The point 3 ^ 
is not unique but can assume a number of values. To reduce 
the amount of ocamputation, we choose the smallest value of 3 ^ 
which produces the required accuracy. Because the inner region 
problem interval is very small relative to the entire interval 



of the original problana^ we can usually improve our accuracy by 
making 3 ^ larger* Ag an alternative to the solution of the 
outer region probloti (4*18) — (4*19a-b) we may use the solution 
( 4 * 5 ) of the problem (4*3) — (4*4) over the interval 3 ^ < x < 1* 
We have implemented the present method on twD test examples by 
taking different values for s* Since 3 ^ is the terminal point 
of the inner region, that is 3 ^ = 0(e) , in our numerical 
e3<perimentatlon, we started with 3 ^ = e and repeated the process 
by increasing the 3 ^ (as 5e,10e,20e) till the condition (4c. 21) 
is satisfied* We have tatulated the numerical results obtained 
by the present method as well as the exact solution* The 
numerical e3{perimentation on these examples demonstrates that 
the present method appro3cimates the exact solution well* 

4c. 5 CXiNCLUSIONS 

We have described a new approach based on the method 
of inner boundary condition for solving singular perturbation 
problems^. It is a prac±ical method and can easily be Implemented 
on a computer to solve such problans* We have illustrated the 
method with two examples with Icnown solutions and have 
demonstrated that the present method approximates the exact 


solution well* 
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Table 4^1 


Numerical results for Example 4 ^ 1 , e = 10 


t 

p 

X 

1 

y(x) 

10 

y( x) 

20 

y( x) 

Exact 

solution 


Ij. 0000000 

1*0000000 

i. 

1*0000000 

1*0000000 

2.5(10“''^) 

2^.5528 358 

1*9803880 

1*9803425 

1*9803425 

5^0(10“"^) 

3*76 20445 

2*7438053 

2*7 4 37 245 

2*7 4 37 2 44 

i^oCio"^) 

5*4365691 

3*8009 368 

3.8008070 

3*8008070 

5-0(10"'^) 


5* 3849 67 7 

5.3847644 

5*3847 6 4 3 

i*o(io“^) 


5*3878108 

5.387607 3 

5.387607 2 

2 *0(10’“^) 



5*3341478 

5.3341478 

3.0( 10"^) 




5.281019 3 

% 

0 

0 

1 

M 




5.2284199 

1.0(10 

4*9 236615 

4*9 235989 

4-9 2357 55 

4*9 236444 

2f0Cl0^h 

4*4546650 

4*45459 1 3 

4.4545907 

4.4546513 

3.0(10*“^) 

4*0303420 

4j»030 28 35 

4.03028 35 

4*0303313 

uoCio"^) 

L 

3i.646437 5 

3*646 39 21 

3*64639 21 

3*646429 2 

0 

0 

t 

3t. 299 101 2 

31-2990671 

3*2990671 

3*2990950 

5 >0(10“^) 

2i.9848500 

2*9848 253 

2.9848253 

2*9848455 

uoCio"^) 

2^7005325 

2i-7005156 

2*7005156 

2*700529 3 

5,. 0(10“^) 

2*4432971 

2i#4432869 

2.4432869 

2*44329 51 

j,.o(io“^) 

2;. 2105642 

2,.210 5 596 

2*2105596 

2*2105633 

L,.0 

2i.0000000 

2i.0000000 

2*0000000 

2*0000000 
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Table 4-2 

Numerical results for Example 4-1, e = 10 


^ J* 

1 

yC x) 

10 

y(x) 

20 

y(x) 

Exact 

solution 

o 

% 

o 

1-0000000 

1-0000000 

1-0000000 

1-0000000 

2 . 5 ( 10 "^) 

2-5525396 

1-9813069 

1.9812623 

1-98126 24 

5 . 0 ( 10 ’*^) 

3-7616268 

2-7455385 

2-7 45459 3 

2-7 45459 3 

1 - 0 ( 10 “^) 

5-43656 37 

3-80 4 2071 

3.8040798 

3-8040798 

1 - 0 ( 10 "^) 


5-43167 25 

5-4314709 

5.4314709 

2-0Cl0“^j 



5-4262430 

5-4262430 

3 - 0 ( 10 “^) 




5-4208139 

4..0(10*'^) 




5-4154003 

0 

0 

1 

•w*. 

4(.9 190618 

4-9196 396 

4-9196401 

4-919 6491 

2 - 0 ( 10 "^) 

4,-4509658 

4^.4514307 

4-4514308 

4-4514380 

3,.0( 10 “^) 

4-0274189 

4,-0277814 

4-0277818 

4-0277874 

4-0(l0’'^) 

3-6441669 

3-6444516 

3-6444520 

3-6444563 

5 . 0 ( 10 “^) 

3-297 38 60 

3-2976039 

3-2976043 

3-297607 5 

6 . 0 ( 10 "^) 

2-98 36106 

2-98 3766 2 

2-9837665 

2-98 37688 

7 . 0 ( 10 '"^) 

2.6996907 

2-6997969 

2-6997971 

2.6997986 

s • 0 ( 10 "^) 

2-442789 3 

2-4428533 

2.4428 5 35 

2.4428544 

g-odo"^) 

2.21036 45 

2-21036 34 

2-210 3636 

2.21036 39 

1-0 

2-0000000 

2-0000000 

2-0000000 

2-0000000 
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Table 4-3 

Nximerical results for Example 4 * 2 ^ s =s 10 


t 

p 

X 

1 

. , y(x) 

10 

y( x) 

20 

y(x) 

Exact 

solution 

o 

o 

Oj.00000000 

0-00000000 

0.00000000 

0-00000000 


-0- 34898259 

-0-220517 27 

-0-220507 25 

-0-220507 26 

5-o(io“"^) 

. *0-6 2071514 

-0-:^ 220097 

-0-39 218 314 

-0.39 218 315 

i-odo"^) 

•0-99700100 

-0-62988596 

-0-6 298 57 32 

-0-62985732 

5-odo”^) 


-0-986 30553 

-0.986 26053 

-0.98626053 

1.0(10*"^) 


-0-9879 2000 

-0.93787469 

-0.98787469 

2#Odo“^) 



-0.97764000 

-0.97764000 

3.0do“^) 




-0.96716000 

4.0(10“’^) 




-0.95643000 

1-0(10“^) 

•0-88320002 

-0*888 20860 

-0.38819764 

-0.83820001 

2.0(10“^) 

•0-7 5840002 

-0-7 5840015 

-0.753 39998 

-0.75340001 

3-Odo"^) 

•0-60860002 

-0-60860004 

•0-60860004 

-0.60360001 

4-0(10"^) 

-0^43880005 

-0-43880006 

-0-43830007 

-0,43830001 

5, .0(10*“^)' 

-0-24900011 

-0;. 24900003 

-0.24900008 

-0-24900001 

6-odo*"^) 

-0-039 20017 

-0-0 39 20008 

-0-039 20008 

•0-039 20000 

7-0(10“^) 

Oj. 1905998 2 

0-1905999 3 

0.19059993 

0-19060000 

tH 

i 

0 

0 

CO 

0j#44039984 

0-44039994 

K- 

0-44039994 

0-44039998 

9-Odo"’^) 

Ofl 1019990 

0g»7 1019997 

0-71019997 

0-7 1019999 

1-0 

lj,00000000 

1-00000000 

1.00000000 

1-00000000 
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7 ? © 4 *-4 

Numerical results for Example 4»2, e = 10 


t 

p 

X 

1 

y(x) 

10 

y(x) 

20 

y( x) 

Exact 

solution 

o 

If 

o 

0^00000000 

0.00000000 

0.00000000 

0.00000000 

2.5(10“^) 

-0^ 3493 3702 

-0.22114003 

-0.22112999 

-0,22112999 

5 *0(10’*^) 

-0 ,.6 2 2 28 481 

-0. 39 3 358 51 

-0.39 334065 

-0.39 334064 


-Oj.99970001 

-O56 319 2284 

-0.63189416 

-0.63189415 

i^o(io“^) 


-0.998799 20 

-0.99875381 

-0.9987 5 381 

2^0(10'“^) 



-0.99779640 

-0.997796 39 

3^0(10“^ 




-0.99679159 

4,. 0(10“^) 




-0.99 578480 

1^0(10“^) 

-0,.889S2894 

-0.8898 2006 

-0,8898 2006 

-0.8893 2000 

2,. 0(10*"^) 

-O1.7 5984900 

-0.7 5984006 

-0.7 5984006 

-0.75934000 

3*0(10“^) 

-0^60986901 

-0.60986005 

-0.60986005 

-0.60986000 

4.0(10“^) 

-0^43988874 

-0.43988006 

-0,43988006 

-0.43933000 

5-0(10“^) 

-0^24990313 

-0.24990012 

-0.24990012 

-0.24990000 

e.odo*^) 

-0^0399 2718 

-0.0399 2017 

-0.0399 2017 

-0.03991999 

7 #0(10~^) 

0*19005410 

0,19005981 

0.19005981 

0.19006000 

9.0(10*"^) 

0.44003573 

0.4400398 3 

0.4400 398 3 

0.44003999 

VD 

« 

0 

0 

1 

M 

0*7 1001770 

0.7 1001990 

0,71001990 

0.71002001 

1.0 

1.00000000 

1*00000000 

1 .00000000 

1.00000000 


CHAPTER 5 


A BOUNDARY LAYER TECHNIQUE FOR 
A CLASS OF SINGULAR PERTURBATION PROBLJMS 

5,#i introduction 

In this chapter^ we propose a boundary layer technique 
for numerically solvinq a class of linear sincfularly perturbed, 
two point boundary value problems in ordinary differential 
equations with a boundary layer on the left end of the 
underlying intervalj. This technique is designed on the basis 
of the asymptotic behaviour of the singular perturbation 
problems^p As in Chapter 4, the original probl®* is divided 
into inner and outer region problems* However asyniptotic 
e:xpansions are not employed* To obtain the terminal boundary 
condition, the reduced problem is solved with an appropriate 
boundary condition* Then, a new inner region problan is 
created and solved as a two point boundary value problem* 

In turn, the outer region problan is also modifis<^ by replacing 
it by an approximate first order differential equation of 
neutral type with a small deviating argument* 
outer region problem is efficiently treated by anploying the 
trapezoidal formula coupled with discrete invariant imbedding* 
Finally, the solutions of inner and outer region problems 
are combined to obtain an approximate solution to the original 
problan* The process is to be r^eated for various choices of 
the terminal point of the inner region until the profiles 
stabilize in both the regions* Sane numerical ej^jeriments have 
heen. included to demonstrate the efficiency of the present method* 
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5^2 BOUNDARY LAYER TECHNIQUE 

For convenience we call our method the 'boundary layer 
technique'* In the interest of clarity, we restrict our 
attention to the following singular perturbation problan (SPP), 

ey''(x)+a(x)y'( x)-b(x)y(x) = f(x), O < x< 1 (5,.l) 

with y( 0 ) = a and y(l) = 3 , ( 5 ^ 2 ) 

where e is a small positive parameter (0 < s « l); are 
given constants# a(x), b(x) and f(x) are assumed to be suffi- 
ciently continuously differentiable functions in [o, 1 ] and 
b(x) > a(x) > M > 0 on 1.0 , where M is some positive 
constant* Under these assumptions, (5*1) - (5*2) has a unique 
solution y( x) which, in general, displays a boundary layer 
of width 0 (e) at x = 0 for small values of e* 

As mentioned, we divide the original problan into twD 
problems, an inner region problem and an outer region problem* 

5i*2i.l terminal boundary CONDITION Let :}^ be the terminal 
point or common point or width or thickness of the inner region* 
To obtain the terminal boundary condition (i*e* an approximate 
value of y at the terminal point 5^) » we solve the reduced 
problem with an appropriate boundary condition* It has been 
shown by Nayf^ that for the case a(x) >0 on [ 0 , 1 ], 

the boundary condition at the origin must be dropped and the 
boundary condition at the other end (i*e* at x = l) has to be 
taken into account in the outer region. Hence by setting e = 0, 
we will have the reduced problem j 



a(x)y'(x) “ b(x)y(x) = f(x) 
with y(l) = 3 . 
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(5^3) 

(5.4) 

The solution of ( 5 . 3 )/ using the boundary condition (5.4), is 

y(x) = [ej^(/ f[~j e 3 <p(/ dg) ds + 3 ] (5.5) 

1 Is 

Hence, the terminal boundary condition can be obtained from 
( 5 . 5 ), and denote 

y( 3 ^) = a. ( 5.6) 

5.2j.2 INNER REGION PROBLEM Since the teminal point is 

common to both the inner and outer regions, it defines the 
inner region problem as a tvo point boundary value problem : 

ey"'(x)+a(x)y'(x) - b(x)y(x) = f(x), 0 < x< 3 ^ (5.7 a) 

with y(0) = a and 7 ( 2 ^) = ct. (5.7b) 

We choose the transformation 

X = et ( 5.8) 

to create a new differential equation for the inner region 
solution. Using (5.8), rescale equation (5.7a) with. 


y(x) = y(t6) t= 

Y(t) 

(5.9 a) 


Y'(t) 

"■ e 

(5.9 b) 

y-(x) 

Y"(t) 

“ ^2 

(5^9c) 


a(x) = a(te) = A(t) 


(5.9d) 
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b(x) = b(te) = B(t) C5*9e) 

f(x) = f(ts) = F(t) (5-9£) 

to obtain the new differential equation as follows 

Y^'Ct) + A(t)Y'(t) - eB(t)Y(t) = eF(t). {5*10) 

Boundary conditions for (5*10) are determined by (5*8)/ (5*9a) 
and (5*7b) 

Y(0) = a and YCt^) = a. (5*11) 

The new differential equation (5*10) is further modified by 
e 3 q>anding A(t), B(t) and F(t) in Taylor series and dropping 
the terms of 0(e), to obtain 

Y''(t) + A(0) Y'(t) = 0* (5.12) 

Now by making use of the assumption made earlier that 
a( x) > M 0 on [O/l] where M is some positive constant, we 
get A(o) = m >0 where m is some positive constant. Hence it 
is clear that the equation (5#12) is a constant coefficient 
differential equation* We remark that for the inner region 
problon the differential equation always has constant coeffi- 
cients and it is immaterial whether or not a(x) and b(x) are 
constants* Thus, we will carry A(o) throughout the discussion 
instead of replacing it by m, the constant given above* We solve 
this modified inner region problem given by (5*12) along with 
boundary conditions given by (5*11) to obtain the solutions 
over the interval 0 < t < t * 
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The most general solution to (5»12) is given by 


y(t) = exp(“A(o)t) 


(5-13) 


where and are constants to be determined by satisfying 
the boundary conditions (5-11). Note that Y(t), the solution 
(5^13) of the inner region problem (5.12) remains bounded as 
t -» +<»- The constants and C 2 are determined by imposing 
the boundary conditions (5.11) on y(t)^ as 

a-a 

C — (5.14a) 

( e3^(-A(o)t ) - 1 ) 

IT 

and 



(5.14b) 


This completes the estimates for the solution of the inner region 
problem* 


5.2.3 OUTER REGION PRDBLM Returning to the outer region, 

we obtain an approximate differential equation for the outer 
region solution as follows/ 


Let us denote 3 ^ = 6 (this is only for our convenience 
and notational simplicity) and then it is clear that 0 < 5 « 1. 
By using Taylor series ej^panslon in the neighbourhood of the 
point X, we have 


y'(x*-6)s»y^(3c) - 6 y^(x) (5.15) 

and, consequently, the equation (5.l) is replaced by the 
following first order differential equation with a small 
deviating argument, in the outer region. 
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ey'{x)-ey' (x-6) + 6a(x)Y'(x) -6t>(x)y(x) = 6f(x) (5^16) 
for 6 < ^ 1 with the boundary conditions 

y(6) = cc and y(l) = (5.* 17) 

Transition from the equation (5»l) to equation (5»16) is admitted, 
because of the condition that g is small (O < 6 « l)* 
Rearrangement of the equation (5#16) is scxnetimes called the 
differential equation of 'neutral type' with a small deviating 
argument, namely 

y'(x) = p(x)y^( x-6) + qCx) y(x) + r(x) (5#13) 

for 6 < X < 1 where 


p(x) - e .}. 5a(x) 

(5^9a) 

/ ^ - 6b(x) 

(5,19 b) 

/ \ - 6f(x) 

= e '6 aT£T " 

(5j,19c) 


Now, we describe the method for numerically solving the 
approximated outer region problen given by the equation (5,*18) 
along with the boundary conditions given by (5,17), As usual, 
we divide the interval [6,l] into N equal parts with mesh 
points 6 ^ < ^ < X 2 <^-. < 3 ^ » 1 and the mesh size h = ^ # 

Xj^ = 6 + ih for i == 0,1,2,... By Integrating the equation 
(5,18) in [xj^ # ^+l3* " 1,...,N-1) we get 
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^i+1 

= / [ p(x)y'(x-6)+q(x)y(x) + r(x)] 

= p(Xi_|_2^)y(x^_j_^--6) “ p(x^)y(x£-6) 


dx 


+ ^ x)y(x-6)+q(x)y(x)+r(x)l dx# 

By making use of trapezoidal formula for evaluating the integrals 
approximately^ we obtain 

Y(x^+i)-y(xi) =[p(x.+^) y(x^^^-6) 

*“[p(XjL) + 5 p*(x^)] y(x^-5) 

+ ^ [q(x^^^)y(x^^j^)+q{x^)y(xj^)] 

V. 

+ ^ [r(x£_l_^) + r(x^)]- {5*7D) 

Again, by means of Taylor series e 3 <pansion, we have 


y<x-6) 55 y^x) - ey'Cx) 


(5^21) 


and, then by using the linear interpolation, we get 

yCxj^) - y(xj__j^) 


y(x^“6) S y(xj^) - 6 (■ 


■) 


= (1 - I;) y(3^) y^^-1^ (5# 22a) 

and 

yC^i+l"^)®* ^^^i+1^ y^x^). (5#22b) 

Hence, by making use of (5#22a— b) in (5*20) leads, after 
simple calculation to the final three-term recurrence 
relationship, namely 
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+ <"±^14.1 = Hi 


for i = 1#2, ••»,N“l} where 


(5^23) 





( 5^ 24a) 


^i 




h 

1 




Gj^ = 1 - (1 - j;) - ■J P'l+i] - 5 

% [>^1+1 + • 

and = y( x^) , = p(xj^)^ = q(xj^) and r^^ = r(x^)j* Equation 

(5i#23) gives a systan of (N~l) equations with (N+l) unknowns 
y^ to yj^* The two given boundary conditions (5«17) together 
with these (N— l) equations are then sufficient to solve for the 
unknowns Yj* solution of this tridiagonal systen can 

easily be obtained by employing an efficient algorithm called 
^Discrete Invariant Imbedding'. In this algorithm we set a 
difference relation of the form 


(5. 24b) 
(5.24c) 

(5.24d) 


= ”1 ^1+1 + ’’i 

where W, and correspond to w(Xj^) and T(xj^) are to be 
determined. Prcxn (5*25) we have 


Yf-l = ^i-1 ^i '^i-1' 
Substituting (5#26a) in (5*23)/ we get 

®i - ' ®i ^i-1 “ 


(5.26a) 


(5* 26b) 
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By comparing (5* 26b) with (5*25), we get 

G . 


X F • Ej W 


and 


i-1 


E. T. . - H. 
T 3- 1 

i ~ F. - E. W. 


(5^27) 


C 5- 28 ) 


i ^ “1 "i-l 

To solve these recurrence relations for i = 1^2***»*N-1/ we 
need to know the initial conditions for and T^. This can 
be done by considering the boundary condition y{6) = as 
follows 


y^ = a = y^ + T^, 

Choose Wq = 0 and T^ = a< Using these initial values# we first 
compute Wj^ and Tj|_ for i = 1# 2 # from (5*2?) and (5*28) 

in the forward process* Then we obtain the solutions y^^ for 
i = N-l, N*-2#**-/2#1| in the backward process frran (5*25) 
using the remaining boundary condition y^j = 3* •^nd this 
completes the estimates for the solutions of the outer region 

p robl em* 

5*2*4 SOLUTION OF THE ORIGINAL PROBLEM After solving both 

the inner and outer region problems by employing the methods 
described in the previous sections# we combine the solutions 
of inner and outer region problems to obtain an approximate 
solution to the original problem (5*1) - (5*2) over the 


interval 0 < x < 1# 
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Repeat the process for different choices of (terminal 
point of the inner region), until the solution profiles do not 
differ materially from iteration to iteration# For computationcil 
point of view, we use an absolute error criteria, namely 


lYCt)’^'*'^ - Y(t)^l < a ;o<t<tp (5.29) 

where 

Y(t)'^ = m^^ iteration of inner region solution 


and 

0 ss prescribed tolerance bound. 

5.3 NUMERICS EXPERIMENTS 

In this section, we present, three nximerical experiments 
to demonstrate the efficiency of the boundary layer technigue. 

Example 5.1 : Firstly, we consider the hcanogeneous SPP from 
Bender and Orszag [,22], Page : 480f Problen : 9.17 with a = 0;? 


+ y'(x) — y(x) =0,0<x< 1 
with y ( 0 ) = 1 and y( 1 ) = 1 - 
The exact solution is given by 


m 


y(x) == 


(e ^ > 1) 


m^x m- m-x 

e ‘ + (1-e he ^ 


, ®2 J"! 

( e - e 


) 


( 5.30a) 
(5. 30b) 


where m- = 


-1 -f srme 

26 


and m« - 


-I ~ '/I+4e 
26 


The computational results are presented in Table 5.1, 5.2, 
for 6 = 10*"^, lo”"^, re^ectively. 
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Example 5*2 s Secx>ndly, we consider the non— homogeneous SPP 
from Fluid dynamics for fluid of small viscosity, Reinhardt [125]^, 
Example ; 2/ 

ey''(x) ty'Cx) =1+ 2x, 0<x< 1 (5.31a) 

with y(0) = 0 and y(l) =1. (5.31b) 

The exact solution is given by 

y(x) = x(x + 1 - 2e) + (2s - 1) « 

The computational results are presented in the Table 5.3# 5.4, 

—3 —4 

for e = 10 #10 # respectively. 

Example 5. 3 : Finally, we consider the SPP with variable 

coefficients from Kevorkian and Cole [84] # Page : 33# Equations : 
2i.3.26 and 2.3.27 with a * - ^ # 

ey»(x) + (1 -■|)r'(x) -■|y(x) =0, 0 < x< 1 (5.32a) 

with y(o) =0 and y(l) =1. (5.32b) 

We have chosen to use uniformly valid approximation (which is 
obtained by the method given by Nayfeh [l06]. Page ; 14S , 

Equation : 4.2.32) as our 'exact^ solution 

2 

y( x) = "■ ^ expi. — ( X — ~ V® ^ • 

The computational results are presented in the Table 5.5# 5.6# 
for e = lo"^# lo"^# re^ectively. 



109 


5|*4 DISCUSSION 

As mentioned^ the method is iterative on the terminal 
point of the inner region* The process is to be r^eated for 
different choices of {terminal point of the inner region)^ 
until the solution profiles stabilize in both the regions^ As 
an alternative to the solution of the outer region problern 
( 5-»18 ) *• (5*17), we may use the solution of the reduced 
problem (5*3) “ (5*4) over the interval < x < 1* But for 
more accurate results we prefer to solve the outer region 
problen (5*18) ~ (5*17) as it is* We have Implemented this 
method on three problems* a hcmiogeneous Spp, a non— homogeneous 
SPP and a SPP with variable coefficients, by taking different 
values for e* In the tables, the underlined value indicates 
that it is a terminal boundary condition obtained by solving 
the reduced problen and the corresponding x is the teminal 
point It can be observed from the tables that the present 

method approximates the exact solutions very well* 

5*5 CONCLUSIONS 

We have described the boundary layer technique for 
solving a class of linear singular perturbation problausj* It 
is a practical method, easily iirplOTsnted on a ccxnputer to 
solve singular perturbation problans with a modest amount 
of problem preparation* We have illustrated the method with 
three examples with known solutions and have demonstrated that 
the boundary layer tecdinique approximates the exact solution 


well 
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Table 5.1 


Computational results for Example 5.1, e 


10 


3 


Oj.0 

0.25(10*"^) 

0.50(10"*^) 

0.75(10”^) 

0.10(10"^) 

0.25(10*“^) 

0.50(10*"^) 

0^75(10”^) 
o-.iodo'"^) 
Oj, 20(10"'^) 
0,»1 
0^2 
Oj .3 
0 j#4 

0^5 

0.6 

0;-7 

1.. 

0.8 

0.9 

1.0 


1 

y( x) 

1 .00000000 

0.7739 29 58 
0.6067 5977 
0.47 267 377 
0.368 247 50 


0.4069 2899 
0.44968197 
0.4969 2666 
0. 54913503 
0.6068 2848 
0.67 058 333 
0.74103644 
0.81889152 
0.90492624 

1,00000000 


5 

y(x) 

1.00000000 
0.3596 3757 
0.75032320 
0.66518907 
0.59388655 
0.41753507 
0.3697 2344 


0.4069 26 33 
0.449679 34 
0.4969 2412 
0.549 1 3259 
0.60682619 
0.67058 1 33 
0.74103475 
0.31889030 
0.9049 2558 

1.00000000 


10 

y(x) 

1 .00000000 
0.86098694 
0.7 527 2348 
0.66840779 
0.60274267 
0.42313463 
0.37 57 8 264 
0.37189 575 
0.37157669 

0.4069 29 36 
0.44968231 
0.4969 2697 
0.54913528 
0.6068287 3 
0.67058 358 
0.74103664 
0.81839167 
0.9049 26 34 

i.oooooopo 


Exact 

solution 

1.00000000 
0^86022566 
0.75141683 
Oj.66671805 
0.60079141 
0.42089 517 
0.37432568 
0.37136243 
0.37197179 
0.37 567774 
0.4069 3440 
Oj.449687 26 
0.4969 3177 
0.5491398 2 
Oj.6068 3289 
0.67 0587 26 
0.74103969 
0^81889 39 2 
0.9049 2758 

4 

1.00000000 


Ill 


Table S*2 

Computational results for Example 5*1 , e := 10 


t 

p 

1 

y( x) 

5 

y( x) 

10 

y( x) 

Exact 

solution 

0,*0 

L. 

1-00000000 

1.00000000 

1.00000000 

1-00000000 

0,. 25(10*"^) 

0-77881365 

0-859 26788 

0-86025050 

0-86017700 

0.,50(10“^) 

0-60655357 

0-749 6 6 560 

0-7 5141349 

0^7 5 1 287 50 

0i.7 5(l0‘"^) 

0-47 2397 26 

0-664307 24 

0-66665112 

01-66648842 

0 , . 10 ( 10 “^) 

0-367916 23 

0.5978 3009 

0.60062813 

0,.60045052 

0 ^ 25 ( 10 "^) 


0.41600098 

0.42007858 

0-41986551 

0 ,* 50 ( 10 “^) 


0-36806343 

0.37 24757 3 

0;. 37234153 

O^VBdO*"^) 



0.368 563 25 

0-363 52598 

Oj.lO(lo“^) 



0.36824750 

0-368 297 35 

0 ^ 20 ( 10 ”^) 




0-3686 3712 

0^1 

0-40670876 

0.40657252 

0-40660961 

0-4065907 3 

0.,2 

0.4494656 3 

0-449 33177 

0-449 36819 

0-449 34966 

0^3 

0-49671744 

0.496 5880 3 

0-49662325 

0-49660532 

0-4 

0.5489 3680 

0.54881427 

0-54884759 

0-5433 3059 

0^5 

0-6066459 3 

0-60653307 

0-60656874 

01-60654312 

0,.6 

0-6704219 3 

0-67032222 

0-670349 31 

0^67033548 

0-7 

0-7409 0 261 

0-74082013 

0-74084245 

Oj.7 408 3101 

0-8 

0-81879 306 

0-8187 3204 

0-8187 48 6 2 

01-81874018 

0-9 

0-90487186 

0-9048 3817 

0-904847 30 

0-90484262 

1.^0 

1-00000000 

1 -00000000 

1-00000000 

1-00000000 
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Table 5*3 

Computational results for Example 5.2, e = lo"^ 


X 


1 

y(x) 


5 

y(x) 


10 

y(x) 


Exact 

solution 


0^0 


0 ,. 25 ( 10 '“^) 
0^50(10*"^) 
0^7 5 ( 10 ”^) 
0 ^. 10 ( 10 "^) 
0 ;. 25 ( 10 *"^) 
01.50(10“^) 

L. 

0,.7 5 ( 10 “^) 

Oj.ioCio"’^) 

Oj. 20(10*"^) 

0 ,.l 

0^^2 

0.3 

0^4 

0..5 

0^7 

k. 

0,.8 

0,.9 

1^.0 


0*00000000 
-0* 3495317 3 
-0*6 218 36 24 
-0*8 33868 29 
-0*99899900 


-0.88820004 
-0.75840004 
-0.60360004 
-0.43880007 
-0.24900012 
-0.03920018 
0.19059981 
0.4403993 3 
0*71019989 
1*00000000 


0.00000000 
-0*22158070 
-0.39414790 
-0*52854340 
-0*6 3321070 
-0*91949801 
-0*99497 500 


-0.38820004 
-0.7 5840004 
-O .60860004 
-0.43830007 
-0.24900012 
-0.039 20018 
0.19059981 
0*4403998 3 
0*71019989 
1 .00000000 


0.00000000 
-0.21897505 
-0.38951298 
-0*52232807 
-0*6 257 6 456 
-0*90868531 
-0*98 327474 
-0*98939742 
-0*98990000 

- 0,888 20000 
-0.75840005 
-0,60360009 
-0.43880019 
-0.24900023 
-0.039 20024 
0.19059977 
0*44039981 
0*71019987 
1.00000000 


0.00000000 
-0*220507 26 
-0*39 218 315 
-0* 5258 29 1 3 
-0*629857 32 
-0*9135779 2 
-0*98626053 
-0*98990677 
-0*98787469 
-0*97764000 
-0*88820001 
-0*7 5840001 
-0*60860001 
-0*4^30001 
-0*24900001 
-0*03920000 
0*19060000 
Oj.440 39998 
Oj.7 1019998 
1^00000000 
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Table 5*4 

Computational results for Example 5.2, e = lo“"^ 


P 

X 


1 

y( x) 


5 

y(x) 


10 
y( x) 


Exact 

solution 


0^0 


0.25(10“^) 

0,. 50(10“"^) 
0^75(10“'^) 

0j.l0(l0“^) 

Oi.25(lO*^) 
Oi^sodo-^) 
0;.7 5(10“^) 
Oj.iodo’"^) 

0,. 20(10“^) 
Otfl 
0,.2 
0,.3 
Oj.4 
0..5 
0.6 
0.7 
0.8 
0.9 
1.0 


0.00000000 
-0.34989701 
-0.62239707 
-0.8 3462034 
-0.99989999 


-0.8898 2894 
-0.7 5984900 
-0.60986901 
-0.43983874 
-0.249908 1 3 
-0.0399 2718 
0.19005410 

0.44003573 

0.71001770 

1.00000000 


0.00000000 

-0.222533 36 

-0.39594033 

-0.53094700 
-0.63609029 
-0.9 2367953 

-0.99949975 


-0.8393128 3 
-0.75985117 
-0.60988609 
-0.43991945 
-0.2499 4677 
-0.039969 22 
0.19001377 
0.44000257 
0.70999858 

1.0000 0000 


0.00000000 
-0.2209878 3 
-0.39 309 332 
-0.527 1 29 2 2 
-0.6 3151648 
-0.91703780 
-0.99231289 
-0.99849179 
-0.99899900 

-0.88982007 
-0.7 5984006 
-0.60986006 
-0.43988007 
-0,24990013 
-0.03992018 
0.19005980 
0.4400398 2 
0.71001989 

1.00000000 


0.00000000 
-0.22112999 
-0.39 334064 
-0.52745293 
-0.63189415 
-0.91748 140 
-0.99 256 325 
-0.99849661 
-Oj.9987 5381 
-0.997796 39 
-0(.8893 2000 
-Oi.7 5984000 
-0.60986000 

k. 

-0^43983000 

-0.24990000 

-0.03991999 

0.19006000 

0.44003999 

Oj.7 100 2001 

IntOOOOOOOO 
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Table 5*5 


Computational results for Example 5*3^ 6 = 10 


-3 


P 

X 


1 

y(x).. 


5 

y(x) 


10 

y(x) 


Exact 

solution 


0*0 


0*25(10*“^) 

0*50(10*^) 

0*75(10“^) 

o^iodo*"^) 

0*25(10*^) 

o^sodo""^) 
0*7 5do”^) 
Oj^ioCio^^) 

0*20do”^) 

0^.1 

0i#2 

Ol-3 

0(#4 

0,#5 

Of 6 

0^7 

0*3 

k 

0*9 

1*0 


0.00000000 
0.17505353 
0,31138 5 35 
0.41756069 
0.500 2501 2 


0*52706302 
0*55631009 
0 * 53899113 
0*625748 34 
0*667 39447 
0*71497 302 
0.769848 34 
0.8338 3425 
0.90940133 

1.00000000 


0.00000000 
0.1116289 5 
0,19856566 
0,26627205 
0.31900193 
0.46 322898 
0.50125313 


0*52706544 
0*55631222 
0.58899 312 
0*62575012 
0*667 39603 
0*71497417 
0.76984816 
0.8 338 3410 
0,90940142 

1.00000000 


0.00000000 
0*11116043 
0.1877 3226 
0.26515448 
0.317 66 295 
0,46128476 
0.499149 32 
0.50225744 
0,50251257 

0.52705756 
0*556 30407 
0*58898475 
0*6 2574168 
0*667 3S7 57 
0*7 1496628 
0*76984129 
0.8 338 2790 
0*909 39704 

1.00000000 


0*00000000 
0*11065603 
0*1968407 5 
0*26397108 
0*31626441 
0*459 51910 
0*4978 6 303 
0*50160159 
Of. 50 2489 29 
0*50505050 
0* 5 26 31579 
0*55555556 
Oj. 583 2 35 30 

Oj.6 2500000 

Oj.66666666 
0*71428571 
0*769 23077 
0*8 3333333 
0*90909090 
1*00000000 
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Table 5*6 

Ccanputational results for Example 5*3^ s = lo 


1 5 10 

S^xiSLcrt 

y{x) y(x) solution 


0^0 

0 ^. 25 ( 10 “'^) 
Oj.SOdO*'^) 
0j.7 5(l0“^) 

0j,10(l0“^) 

0,.25(10“^) 

0 ^ 50 ( 10 "^) 

0^75(10*“^) 

0.10(10^^) 

0..20(10“^) 

0^1 

0^^2 

0^«3 

0^4 

0^5 

0^.6 

0,.7 

0,*8 

u. 

0^9 

u 

1 l *0 


0^00000000 
0.. 17 497 47 5 
0^ 31124522 
0,417 37 277 
0,50002500 


0.526 33590 
0.5 5 557 548 
0.58 8 26 146 
0.6250287 2 
0.6666977 2 
0.714317 52 
0.769 26 211 
0.8 333607 2 
0.90910897 

1.00000000 


0.00000000 
0.1113777 2 
0.19811878 
0.26567 278 
0.318 3390 
0.46218645 
0.50012503 


0.52633239 
0.55557543 
0 . 588 2 5888 
0.62502611 
0.66669563 
0.71431600 
0.769 2609 2 
0.8 3335999 
0.90910910 

1.00000000 


0.00000000 
0.1106 5996 
0.19684202 
0.26 396068 
0.31623274 
0.459 20794 
0.49690202 
0.49999614 
0.50025012 

0.526 39 1 27 
0.5556 3169 
0 .588 31152 
0.6 2507539 
0.66674002 
0.71435499 
0.769 29 309 
0.8 3338 386 
0.90912221 

1.00000000 


0.00000000 
0.11060525 
0.1967453 
0.26 3 3216 
0.31608069 
0.45901 360 
0.4967 539 5 
0.4999 1064 
0.500227 37 
0.50050050 
0. 52631579 
0.55555556 
0. 588 23530 
0.62500000 
Oj.66666666 
Oj.7 1428571 
0.769 23077 
0.8 3333333 
0^90909090 

1.00000000 


CHAPTER 6 


NUMERICAL SOLUTION OP SINGULAR PERTURBATION PPDBLIMS 
BY terminal boundary VALUE TECHNIQUES 

6,1 lOTRO DUCT ION 

It is always interesting to look for a technique or 
modification for the singular perturbation problem so that any 
suitable existing standard numerical method can be employed 
on the modified problem. Keeping this in mind^ we have 
proposed and illustrated in this chapter two terminal boundary 
value techniques for numerically solving linear singular 
perturbation problemsj# As usual, the original problem is 
divided into outer and inner region problems# Two techniques 
are introduced to obtain, the terminal boundary condition in 
the implicit form# Then, the outer region problem is solved 
as a two point boundary value problem (TPBVP) and an explicit 
terminal boundary condition is obtained# In turn, a new inner 
region problem is obtained and solved as a TPBVP, using the 
explicit terminal boundary condition# Finally, we combine the 
solutions of both the outer and inner region problems to 
obtain an approximate solution to the original problen. The 
process is to be r^eated for various choices of the terminal 
point of the inner region^ until the soluticm profiles stabilize 
in both the regions^# Some numerical examples have been solved 
to dOTonstrate the ^plicability of these techniques. 
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6^2 DESCRIPTION OP THE METHOD 

To be specific, we consider the following singular 
perturbation problen (SPP) : 

x)+a{ x)y' ( x) + b(x)yCx) = f(x), O < x _< 1 (6*1) 

with y(0) = a and y(l) = 0 (6*2) 

where e is a small positive parameter (0 < s « 1)/ ci,0 are 
given constants/ a(x), b(x) and f(x) are assumed to be 
sufficiently continuously differentiable functions in [d# 1] 
and b(x) < 0, a(x) > M > 0 on [o, l] where M is sme positive 
constant^ Under these assunptions, (6*1) - (6*2) has a unique 
solution y(x) which, in general, displays a boundary layer of 
width 0(e) at X = 0 for small values of s* 

As mentioned, we divide the original singular 
perturbation problem into two problems, an outer region problem 
and an inner region problem* 

6 (.2*1 terminal boundary CONDITION Let be the terminal 
point or common point or width or thictaiess of the inner region* 
We propose two techniques for obtaining the terminal boundary 
condition in the Implicit form as follows : 

Technique I : Let us denote = 6 (This is only for our 

convenience and notational simplicity.), and then it xs clear 
that O < 6 « 1* By using Taylor series ejqyansion in the 

neighbourhood of the point x, we have 

,2 

y(x-6) w y{x) - + ^-y-'Cx) 


( 6^3) 



IIS 


and^ consequently, the equation (6<l) is r^laced by the 
following first order differential equation with a small 
d eviat ing a rgum ent : 

2ey(x-6)-2sy(x)+2S6y'^(x)+6^a(x)y'(x)+6^b(x)y(x) = 6^f(x) (6<4) 

for 6 < X ^ 1# Transition from the equation (6^1) to equation 
(6, #4) is admitted, because of the condition that q is snail 
(0’< 6 « l)« We rewrite the equation (6 #4) in the convenient 
form as follows, 

[6^a(x) + 2e6] y'(x)+[6^b(x)-2e] y(x) = [ x) -2ey( x-d)] (6,5) 

for 6 £ X < 1# We simply evaluate the equation (6,5) at x = <5 , 
and denote 

p = 6^a(e) + 2^6 (6,6) 

q = 6^b(6) - 2e ( 6 , 7 ) 

r = 6^f(6) "• 2ey(o) 

= 6^f(6) - 2ea since y(o) = a (6,8) 

then the equation (6j,5) can be written in the form • 

py'(6) + qY(6) = r, Uf9) 

We take this equation (6.9) as the 'terminal boundary condition^ 
and note that it is in the inplicit form, 

Ranark 6,1 : It can be easily verified that the equation (6,9) 
is nothing but the equation (6,1) evaluated at x = 6 and 
y*(6) is replaced by using equation ( 6 , 3 ) at x = 6* 
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T echnicfue II ; It is well known frcsn the standard singular 
perturbation theory (see e-g-, O'Malley [113]# Nayfeh [106]) 
that the reduced equation (that is equation (6*l) with e = O) 
is valid in the outer region^ and for the case a(x) >0 on [0,1], 
the outer region is [ 3 ^^, l]< Hence by setting e = 0 in (6^1), 
we will have the 'reduced equation' ; 


a(x)y'(x)+b(x)y(x) = f(x) ( 6 .I 0 ) 

for < 5 c < !<» We simply evaluate the equation (6^10) at 
X - x_ and denote 


P = a(3^) 
q » b(3^) 
r = f(3^) 

and then rewrite the equation (6 


( 6 , 11 ) 

( 6 . 12 ) 

(6.13) 

10 ) in the form : 


py'(3<^) + qy(3^) = r, (.6,14; 

We take this equation (6,14) as the 'terminal boundary condition' 
and note that it is in the implicit form, 

Ranark 6,2 t It can be easily observed that the Technique II 
is more simpler and easier than the Technique T, 

6;* 2, 2 OUTER REGION PROBLBl Using the terminal boundary 
condition (6.9) or (6,14) which is in the irtplioit form, we 
get the outer region problem as a two point boundary value 

problem : 
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ey"(x) + a(x)y^(x) + b(x)y(x) = f(x), (6,15) 

^ 5 ^ ^ 1 with 

py'Cj^) + qy(3^) = r ^ (6^16a) 

and y(l) = (6. 16b) 

We solve this outer region problem (6.15) - (6.16a~b) to obtain 
the solutions over the interval 3^ < x < 1. 

Hence, the solution of the outer region problem will 
provide the explicit terminal boundary condition. Let us 
denote it by 

y(3^) = a. (6.17) 

6*2.3 INNER REGION PRDBLS4 Since the terminal point is 
common to both the inner and outer regions, we can formulate 
the inner region problem as a two point boundary value problem, 
as follows 


ey^( x)+a(x)y'(x)+b(x)y(x) = f(x), 0 < x < 3^ (6.18) 

with y(0) = a and y(3^) = <x (6.19) 

where a = 7(2^) is obtained from the solution of the outer 
region problem. 

We choose the transformation 


X = ts 


( 6 . 20 ) 


to create a new differential equation for the inner region 
solution. Using (6j.20), rescale (6.18) with 
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y( x) 

= y(te) = y(t) 

(6.21a) 

Y*(x) 

_ y'(te) Y'(-h) 

■■ e - e 

(6.21b) 

y^( x) 

. y^(te) Y"(t) 

e 2 g 2 

(6.21c) 

a(x) 

= a(te) =s A(t) 

(6,21d) 

b( x) 

= b(te) = B(t) 

(6.21e) 

f( x) 

= f(ts) = p(t) 

(6.21f) 


to obtain the new differential equation as follows 

Y"(t) + A(t)Y'(t) + eB(t)y(t) = eF(t), (6.22) 

Boundary conditions for the equation (6.# 22) are determined by 
( 6 ^ 20 )^ (6-21a) and (6^19) 

Y(0) = a and Y(tp) = a • (6.23) 

We solve this new inner region problem (6.22) - (6.23) to obtain 
the solutions over the interval O < t < t . 

- - p 

In order to solve the two point boundary value problems 
given by the equations (6.15) - (d.iea-b) [outer region problemj 
and ( 6 . 22 ) ( 6 . 23 ) [inner region problem}, we make use of the. 

second order central finite difference scheme (see for details. 
Fox [ 57 }.)* In fact, any standard analytical or numerical 
method can be used. 

6j#2j*4 SOLUTION OP THE ORIGINAL PfOBLIM After solving both the 

outer and inner region problems, we combine the solutions of the 
outer and inner region problems to obtain an epproximate solution 
to the original problem (6.1) - ( 6 . 2 ) over the interval O <x< 1. 
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R^eat the process for various choices of 3^ (terminal 
point of the inner region), until the solution profiles donot 
differ materially fran iteration to iteration* For computational 
point of view, we use an absolute error criteria, namely 


Y(r«+l)(t) - Y*'”*^(t) l<cr/0<t<t^ 


(6*24) 


where 


and 


Y(m)(t) iteration of the inner region solution 


o - prescribed tolerance bound* 


6^3 NUMERICAL EXAMPLES 


In this section, we will discuss three numerical examples 
to denonstrate the applicability of the method described in the 
previous sections* Firstly, we use the Technique I for obtaining 
t erminal boundary condition and apply the method on three 
examples* 

Example 6*1 : Consider the homogeneous SPP frm Bolder and 
Orszag [22], Page : 480/ Problem : 9*17 with a » 0/ 


e •y*'( x) ty' ( x) •^( x) =0, 0 jC X < 1 
with y(0) = 1 and y(l) = 1* 

The exact solution is given by 

(e ^>l)e ^ t (1-e ) _e_ 


^ 1 , 


y(x) * 


m. 


m. 


(e ^ - e ^) 


where m. 




26 


mo ss 


26 


(6* 25a) 
(6*25b) 


(6*26) 
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The computational results for Example 6.1 with Techniqu e I are 
presented in the Table 6.1^ 6.2, for e = 10**^, 10*’'^, respectively. 

Example 6.2 : Now consider the non—hcmogeneous SPP from fluid 
dynamics for fluid of small viscosity, Reinhardt [125],. Example: 2/ 

ey^(x) + y'(x) = l+2x , 0 < x < 1 (6. 27a) 

with y(0) = 0 and y(l) = i. (6.27b) 

The exact solution is given by 

y(x) = x(x+l-2e) + (2e-i) {yzf j -y * (6.28) 

The computational results for Example 6.2 with Technique I 
are presented in the Table 6.3, 6.4, for e = 10*"^, lo"*^, 
respectively. 

Example 6.3 : Finally, consider the SPP with variable 
coefficients from Kevorkian and Cole [84], Page : 33/ Equations : 

2 #■3.26 and 2. 3 #27 with ci = / 

ey*'(x)t(l -f)y'(x) y(x) = 0, 0 < x < 1 (6.29a) 

with y(0) =0 and y(l) = 1. (6.29b) 

We have chosen to use uniformly valid approximation (which is 
obtained by the method given by Nayf^ [106], Page : 148/ 

Equation : 4.2.32) as our 'exact' solution 

y(x) s e3<p(-(x - ■^)/e) * ( 6 . 3 O) 

The computational results for Example 6.3 with Technique I are 
presented in the Table 6.5, 6.6, for e = lo“^,lo’’^ respectively. 
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Now, we use the Technique II for obtaining the terminal 
boundary condition and then apply the method on the same three 
examples* 

Example 6*1 : ey^(x) + y'(x) - y(x) =0, 0 < x < 1 (6.31a) 

with y(0) = 1 and y(l) = 1. (6.31b) 

Using Technique II/ the terminal boundary condition in the 


implicit form is given by 

y'(3^) - y(3^) = O. (6.32) 

First/ we solve the outer region problem as a TPBVP : 

ey"(x) + y'(x) - y(x) =0 (6.33a) 

for < X < 1 with 

y^(j^) ~ (6.33b) 

y(l) = 1. (6.33c) 

In turn, by using the scaling 

t s= x/® (6.33d) 

we get the inner region problem as a TPBVP : 

y"(t) t Y'(t) - eY(t) =0, 0 < t < t (6.34a) 

Sr 

with Y(o) = 1 and Y(tp) = a (6.34b) 


where the a * y( 3 |j) is obtained from the outer region solution. 
The ccmput at ional results for Example 6.1 with Technique II 

•-3 ••4 

are presented in the Table 6.7# 6.8, for s = 10 ,10 / 

rei^ectively. 
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Example 6.* 2 : ey*(x) + y'(x) = l+2x, 0 < x < 1 (6,35a) 

with y(0) = 0 and y(l) = 1, (6,35b) 

Using Technique the terminal boundary condition is given by 

y'(3^) = (6,36) 

First, we solve the outer region problem as a TPBVP : 


©^^(x) + Y^(x) = l+2x 


(6,37 a) 


for 3 ^ < X < 1 with 

y*(3^) = 1 + 23 ^ 
y(l) = 1, 


(6,37b) 

(6,37c) 


Then, by using the scaling t = 3?/e, we get the inner region 


problem as TPBVP 


Y*'(t) + Y'(t) » e(l+ 2 et), O < t < t^ 
with Y(0) =0 and Y(tp) = a 


(6,38a) 

(6,38b) 


where the a « y(3^) is obtained from the outer region solution. 
The computational results for Example 6,2 with Technique II 

•*3 —4 

are presented in the Table 6,9, 6,10, for © — 10 , 10 g 

respectively. 

Example 6.3 s ey-CxJ+Cl - f)y'<x) y(x) = 0, 0 < x < 1 

(6,39a) 

with y(0) = 0 and y(l) * 1* (6,39b) 
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Using Technique II, the terminal boundary condition in the 


implicit form is giv«i by 

(1 - i y(^) ^ 0. C6.40) 

First we solve the outer region problon as a TPBVP : 

ey''(x) + (1 -■^)y*(x) • y(x) = 0 (6^41a) 

for < X < 1 with 

(1 - - 1 ^ 0 , (6.41b) 

yfl) = 1* (6.41c) 


Then, by using the scaling t = x/Bj we get the inner region 
problon as a TPBVP : 

Y*'(t) + (1 ~ ~)Y'(t) - j Y(t) =0, O < t < tp (6.42a) 

with Y(o) =0 and Y(t ) = a (6.42b) 

where (X = y(3^) is obtained from the outer region solution. 

The computational results for Example 6.3 with Technique II are 

Mi* o 

presented in the Table 6.11, 6.12 for e = 10 , 10 re^ectively. 

6j.4 DISCUSSION 

The present method is similar in ^rit to those 
suggested in Chapters 4 and 5 but differs in detail. In fact, 
the methods differ in how they use the data which are available. 

As mentioned, the present method is iterative on the terminal 
point of the inner region. The process is to be repeated for 
various choices of 3^ (terminal point of the inner region). 
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until the solution profiles stabilize in both the regions.* To 
solve the outer and inner region problems, we have used the 
second order central finite difference scheme (cf* Fox [57]),. 

In fact any standard analytical or numerical method can be used. 

We have implemented this method on three exartples, by taking 
different values for e. In the tables, the underlined value 
indicates that it is an explicit terminal boundary condition 
obtained by solving the outer region problem, and the corresponding 
X is the terminal point It can be observed frcam the tables 

that the Technique II is more accurate and superior than the 
Technique I* We have already se^ that the Technique II is more 
simpler and easier than the Technique I# Hence, the Technique II 
is preferable for obtaining the terminal boundary condition. 

6.5 CONCLUSIONS 

We have described two terminal boundary value techniques 
for solving linear singular perturbation problems. These provide 
a new approach for solving singular perturbation problems with 
any suitable existing standard numerical method. Both the 
techniques have been tested on three examples. Numerical 
results are compared with the corresponding exa<ct solutions. 

It is observed that the accuracy predicted can always be 
achieved with very little computational effort. 
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Table 6.1 


Comput at ion al result s 

for Exairple 6. 

1 with Technique 

I, s = 10 ”^ 

t 

P 

X ■ 

5 

y(x) 

10 

v( x) 

20 

v(x) 

Exact 

solution 

0.0 

1.00000000 

1 .00000000 

1.00000000 

1.00000000 

5.0(10“"^) 

0.75983142 

0.75428453 

0.75207994 

0.7 5141688 

l.o(io“^) 

0.61437 242 

0.60546149 

0.60191937 

0.60079141 

2 . 5 ( 10 “^) 

0,44080066 

0.42785462 

0.422709 26 

0.42089 517 

5.0(10**^) 

0.39600842 

0.38197214 

0.37639 346 

0. 37 4 3 2568 

7.5(10~^) 


0.37909239 

0.37 346537 

0.37136243 

li-OdO*"^) 


0.37972854 

0.37408463 

0.37197179 

2.0(10*"^) 



0.37782015 

Oj. 37 56777 4 

0.1 

0.4069 3456 

0.4069 3456 

0.4069 3456 

0.4069 3440 

1 _ 

1.00000000 

1.00000000 

1.00000000 

1.00000000 

Table 6.2 

Computational results for Example 6..1 

with Technique = 10 ^ 

t ^ 

P 

X ■ 

5 

v(x) ■ 

10 

v(x) 

20 

v{x) 

Exact 

solution 

0.0 

1.00000000 

1.00000000 

1.00000000 

1.00000000 

5 . 0 ( 10 “^) 

0.7597 2088 

0.7 5416569 

0.7 5194849 

0.7 51 287 50 

1.0(10*“^) 

0.61406025 

0.6051369 5 

0.60157 546 

0.60045052 

2 . 5 ( 10 “'^) 

0.43979859 

0.42634373 

0.42167 313 

0.41936551 

s.odo^'^) 

0.39401305 

0.37999399 

0.37439965 

0.37234153 

7.5(10*"^) 


0.376 24515 

0.37061371 

0. 36852598 

1.0(10^^) 


0.37602583 

0.37039011 

0.36829735 

2, . 0 ( 10 ”^) 



0.3707 387 3 

0. 3686 37 1 2 


0.40654523 

0.40654523 

0-40654523 

0.40659073 

1.0 

1.00000000 

1 .00000000 

1,00000000 

1.00000000 
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Table 6#5 

Computational results for Example 6*3 with Technique I, e = lo“^ 


p 

X 

5 

v(x) 

10 

v(x) 

20 

y( x) 

Exact 
solut ion 

0 .0 

0*00000000 

0,00000000 

0.00000000 

0.00000000 

5*0(10’‘'^) 

0.19041222 

0,19431503 

0.19657557 

0.19684075 

i,.o(io‘‘^) 

0.305887 57 

0.31296045 

0.31573 8 67 

0*31626441 

2:.5(1o”^) 

0.444309 50 

0.45453303 

0.45869111 

0*45951910 

ScfOClo"^) 

0.48 1 30878 

0.49 387429 

0.49688800 

0*49786303 

7 ^ 5 ( 10 ''^) 


0.496 1 2409 

0.500607 57 

0*50160159 



0*49700116 

0* 50149 256 

Oj. 50 2489 29 

2t.0(l0“^) 



0*50405163 

0*50505050 

Oj.! 

0*52707017 

0.52707017 

0.52707017 

0*52631579 

ItfP 

1^00000000 

1.00000000 

1.00000000 

1*00000000 
- L 

Tafcle 6*6 

Computational results for Example 6*3 

with Technique 

I, e = 10“^ 

t 

P 

X‘ ' 

5 

v(x) 

10 

v(x) - - 

20 

v(x) 

Exact 

solution 

0*0 

0.00000000 

0.00000000 

0.00000000 

0.00000000 

5*0(10“^) 

0.190067 34 

0.19446039 

0.19621187 

0*19674528 

1*0(10“^) 

0.30530420 

0,31236074 

0.31517413 

0*31603069 

2.5(10’’^) 

0.4432317 5 

0.45347623 

0.457 56063 

0*45901 360 

5*0(10“'^) 

0.479 59975 

0.49063482 

0.49 5104 35 

0*4967 5 395 

7.5(1o"4) 


0.49 379 200 

0.49823951 

0*49991064 

1*0(10“^) 


0.49410458 

0.49355490 

0*500227 37 

2*0(10“^) 



0.49883246 

0*50050050 

Otfl 

0.526 35260 

0.526 35260 

0.52635260 

0*52631579 

IfO 

1*00000000 

1.00000000 

1.00000000 

1*00000000 
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Table 6*7 

Computational results for Example 6*1 with Technique II, e = lo“^ 


X 

5 

v(x) 

10 

v( x) 

20 

v( x) 

Exact 
solut ion 

0*0 

1.00000000 

1.00000000 

1 .00000000 

1*00000000 

5*0 do"^) 

0.749 58894 

0*7 5124349 

0*75125138 

0*7 5141688 

if.odo"'^) 

0.597918 1 3 

0.60057613 

0.60058881 

0.60079141 

2*5do“^) 

0.41689544 

0.42075704 

0.42077545 

0*42089517 

5*Odo"^) 

0.3^009004 

0.37427635 

0,37429681 

0*37432568 

7 .5do“^) 


0.37133043 

0.37135056 

0,37136243 

1*0(10“^) 


0.37194327 

0.37196346 

0*37197179 

2 * 0 ( 10 "^) 



0*37 567762 

0*37 567774 

0.1 

0.4069 3456 

0,4069 3456 

0.4069 3456 

0*4069 3440 

1.0 

1.00000000 

1.00000000 

1.00000000 

1.00000000 


Table 6.8 


II, e = 10“"^ 

Computational results for 

Example 6.1 

with Technique 

X 

5 

_ .V_( 

10 

v(x) 

20 

v(x) 

Exact 

solution 

0*0 

1.00000000 

1.00000000 

1.00000000 

1*00000000 

5,.0( 10*"^) 

0.749428 38 

0*7 5109590 

0*75110459 

0*75128750 

1 * 0 ( 10 “^) 

0*597 52741 

0*60020595 

0*60021990 

0*60045052 

2 * 5 ( 10 “'^) 

0*41579618 

0*41968488 

0*41970514 

0*41986551 

5*0( lo"^) 

0*36803890 

0*37 224705 

0.37 226897 

0*37 234153 

7*5dO~'^) 


0*368448 23 

0.36847028 

0* 368 5 2598 

1*0(10*^) 


0.368 22299 

0.36824505 

0*368 29735 

2 * 0 ( 10 ”^) 



0.36859142 

0*36863712 

0*1 

0*40654523 

0.40654523 

0.40654423 

0*40659073 

1.0 

1.00000000 

1.00000000 

1 ,00000000 

1.00000000 
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Table 6,9 

Computational results for Example 6*2 with Technique II, s = 10 ^ 


^ * 

X" " 

5 

v(x) 

10 

v( x) 

20 

v(x) 

Exact 

solution 

o 

6 

0.^00000000 

0.00000000 

0.00000000 

0^00000000 

5,.0(10"^) 

-0.39 509023 

-0,. 39 245 30 3 

-0.39243376 

-0.39 218 315 

i,.o(io”^) 

-0.63442752 

-0.63019 145 

-0.6 3016049 

-0.629857 32 

i. 

2 ,. 5 (10**^) 

-0.9 199 388 5 

-0.91378940 

-0.91374448 

-0.9135779 2 

5..0(10“^) 

-0.99298652 

-0.98633335 

-0.93623476 

-0.93626053 

7^5(10*"^) 


-0.9899 5624 

-0.989907 34 

-0.98990677 

1 . 0 ( 10 “^) 


-0.9879 2154 

-0.98787 261 

-0.98787469 

2 ^ 0 ( 10 “'^) 

0.*1 

-0.38820003 

-0.38320003 

-0.97764152 

-0.88820003 

-0.97764000 

-0.83820001 

1>0 

1.00000000 

1.00000000 

1.00000000 

1.00000000 

Table 6.10 

Computational results for Example 6.2 

with Technique 

II, e := 10 ^ 

t 

5 

10 

20 

Exact 

P 

X. 

y(x) 

y(x) 

y( x) 

solution 

0 

0 

0.00000000 

0 .00000000 

0.00000000 

0.00000000 

5 . 0 ( 10 “’^) 

-0.396 25’589 

-0.39 36 1 392 

-0.39 359465 

-0.39 334064 

i^o(io“^) 

-0.636477 29 

-0.63223355 

-0.63220260 

-0.63189415 

2,. 5 ( 10 “'^) 

-0.9 2386067 

-0.91770007 

-0.91765513 

-0.91748 140 

5 . 0 ( 10 “^) 

-0.999 3 O 88 G 

-0.99 264358 

-0.99 259496 

-0.99 256325 

7 . 5 ( 10 “^) 


-0.99855359 

-0.99850466 

-Oj.99849661 

1 . 0 ( 10 "^) 


-0.99880815 

-0.9987 5920 

-0.99875381 

2..0(10'“^) 

0^1 

-0.8898 2894 

-0.8898 2894 

-0.99780536 

-0.88982894 

-0.99779639 

-0.8398 2000 

1.0 

1.00000000 

1,00000000 

1.00000000 

1.00000000 
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Table 6*11 


Computational results for Example 6»3 with Technique II/ s = 10*"^ 


t -*• 
p 

X 

5 

y( x) 

10 

y(x) 

20 
y( x) 

Exact 

solution 

0^.0 

0.00000000 

0.00000000 

0.00000000 

Oj.OOOOOOOO 


0.198 59678 

0-197 267 24 

0,19725594 

0.19684075 


0,. 31903564 

0.31689981 

0.31688166 

0.31626441 

2,.5(10“^) 

0..46340742 

0.46030506 

0.46027369 

0.459 51910 

s^-oCio-^) 

0.50199706 

0.498636 34 

0.49360778 

0.4978 6 303 

7..5(10’’^) 


0.50236398 

0.50 234023 

0.50160159 

ij.o(io"^) 


0.50 325708 

0.50 3223 30 

0.502489 29 

2^0 (10“^) 



0.50 579621 

0.50505050 

0,*1 

0.52707017 

0.52707017 

0.52707017 

0.5 26 31579 

1.0 

1.00000000 

1.00000000 

1.00000000 

1.00000000 


Table 6.12 



Computational results for 

Example 6.3 

with Technique 

11/ e = 10““^ 

t 

P 

5 

10 

20 

Exact 

X 

y(x) 

y(x) 

y( x) 

solution 

0..0 

0.00000000 

0.00000000 

0.00000000 

0.00000000 

5^.0 do"'^) 

0.198 21549 

0.19 689 285 

0.19688181 

0.19674528 

1^.0 do"^) 

0.318 39 253 

0.31626798 

0.31625025 

0.31608069 

2^5(10*"^) 

0.46 223300 

0.45914866 

0.459 1 2291 

Oj.45901360 

5,.0(10~^) 

0.50016010 

0.49 68 2 268 

0,49679481 

0.4967 5395 

7 ,.5(10“^) 


0.49996373 

0.49994067 

0^49991064 

ItfOdO*"^) 


0.50028521 

0.50025711 

0.500227 37 

2j.Odo“‘^) 



0.50053559 

0.50050050 

0.1 

0.52635260 

0.52635260 

0.52635260 

0.52631579 


1.00000000. 

1.00000000 

1 .00000000 

Ij, 00000000 



CHAPTER 7 


AN APPRDX3MATE METHOD FOR SOLVING 
A CLASS OF SINGULAR PERTURBATION PRDBLEyiS 


7,,1 introduction 

In this chapter, we propose and illustrate an approximate 
method for the numerical solution of a class of linear 
singularly perturbed two point boundary value problens^. It 
consists of the following steps : (l) The given region is 
aivided tato inner and outer r^ions, (2) The original eecond- 
order probl®. Is r^laced by an asymptotically equivalent first 
order probl®, and solved as an initial value problem in the 
inner region. ( 3) A terminal boundary condition is then 
obtained from the solution of the inner region problem, 
turn, an outer region problem is obtained, by replacing the 
second order differential elation by an approximate fxret 
order differential equation with a small deviating argument, 
and solved effici^ly by employing the traperoid^ 

led with discrete Invariant Imbedding algorrthm. (5) Fin 
coupled with drsoret are combined 

the solutions of inner and cuter region problems 

ho Obtain an approximate solution to the original probl^.^^ 

C6) The process is to be Treated for various choices o 

Vvi om until the solutxon 
teiminal point of the inner region problem, 

stabilise in both the regions- Several numerica 
profiles stabilise applioabllity of 

ex».ples have be® solved to demonstrate 
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the method. Finally, the method is extended to a more general 

class of problems* Again one numerical exarrple is solved in this 
general class. 

7.2 DESCRIPTION OP THE METHOD 

fix the ideas, we consider a class of singular 
perturbation problems of the form : 

ey^(x) + [a(x)y(x)]' = h(x); 0 < x < 1 (7*1) 

with y(0) = a and y(l) = p, (7.2) 

where e is a small positive parameter (0 < e « 1); a, 3 are 
given constants; a(x) and h(x) are assigned to be sufficiently 
continuously differentiable function in [o, l]. iUrthermore, we 
assume that a(x) > M >0 throughout the interval fo, l}, where M 
is some positive constant. This assumption merely implies that 
the boundary layer will be in the neighbourhood of x = Oj. 

As mentioned the method consists of the following st^s : 

Step 1 : Divide the original region into two regions, an inner 
region and an outer region* Let 3^ be the terminal point- or 
width or thickness of the inner region. Then the inner and 
outer regions are given by 0 < x < 3^ and 5 x < 1 respectively. 

Stqp 2 J R^lace the original second order problem by an 
asymptotically equivalent first order problem as follows : 

By integrating the equation (7*1), we obtain 

ey^ix) + a(x)y(x) = f(x) + K (7*3) 

fix) = / h(x) dx 


where 
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and K is a constant to be determined* 

In order to determine the constant K, we introduce the 
condition that the reduced equation of (7 *3) should satisfy the 
boundary condition 4 , y(1) =3* 

i.e. y(l) = [f(l) + K] = 3 

K = a(l)3 - f(i) , (7*4) 

Remark 7*1 : This choice of K ensures that the solution of the 
reduced problcan of (7*1) satisfies the reduced equation of (7*3)* 

Now, we adjoin the condition (which we drop, whenever we 
formulate the reduced problem of the equation (7*1)) y(0) = a to 
the equation (7*3) to obtain a first order problem as follows : 

e y' ( x) + a( x) y( x) = f ( x) + K (7*5) 

y(0) a a, (7*6) 

where the constant K is given by the equation (7*4)* 

Thus in a manner of speaking, we have r^laced the 
original second order problem (7*1) "• (7*2) with the asymptotically 
equivalent first order problem (7*5) - (7*6)* 

We choose the transformation 

t = Ve ^7*7) 

to create a new differential equation* Using (7*7), rescale 
the equation (7*5) with 
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y(x) = y(te) = Y(t) 
y'(x) = - Y'^(t) 

e - e 

a(x) = a(te) = A(t) 
f(x) = f(te) = P(t), 

"to ofcjtain the new differential equation as follows 

Y'(t) + A(t)Y(t) = P(t) + K. 

Initial condition for (7^9) is determined by (7,7), 

( 7j#6) 

Y(o) = a. 

Theoretically the differential equation (7.*9) can be solved over 
the entire interval 0 < t < 1/e with the initial condition (7 -.10)* 
Practically, the interval [o, 1/e] becomes unreasonably large 
as e -* 0 so we limit the range to [O/tp], where t^ = 

Hence# it leads the inner region problem as an initial value 
problan : 

Y'(t) + A(t)Y(t) = F(t) + K (7.11) 

for 0 < t < tp with Y(o) = a. (7-12) 

We solve this inner region problem (7.11) “ (7.12) to obtain 

the solutions over the interval. 0 < t < tp- 

The analytical solution of (7.11)# using the initial condition 

(7^12)# is given by 

t t s 

Y(t) = [exp(-/ A(g)dS)]C/(P(s)+K)e!^(;A( DdDds+a] 

n O O . 


( 7 •S dC) 

(7.8b) 

(7.3c) 

(7.8d) 

(7.9) 
(7.Sa) and 

(7.10) 


(7.13) 
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Step 3 5 Obtain the terminal boundary condition from the 
equation (7«l3) and denote 

Y(tp) = a. (7.14) 

Hence from the equations (7.7), (7.8a) and (7.14), we get 

Yi^) = a. (7.15) 

St^ 4 : Obtain the outer region problem as follows : 

Let us denote = 5 and then it is clear that 0 < 6 1* 

By using Taylor series ejpansion in the neighbourhood of the 
point x, we have 

y(x-6) S y(x) - fiy'(x) + ^ y''(x) (7.16) 

and consequently, the equation (7^1) is replaced by the following 
first order differential equation with a small deviating argument: 

26y(x-6)- 2 ey(x)+ 2 e 6 Y'(x)+ 5^a(x)y'(x)+ 6V(x)y(x) = 6^Cx) 

(7.17) 


for 6 < X < 1 with the boundary conditions 

y( 6 ) = a and y(l)=P* (7. IS) 

we rewrite the equation (7-17) in the following convenient form 

y'(x) * p(x)y(x-6) + q(x)y(x) + r(x) (7.19) 


for 6 < X < 1 where 


p(x) 


q(x) 


"•25 

266 + 6^a(x) 
qp. ~ 6^a*(x) 
286 + 6^a(x) 


(7.20a) 


(7.20b) 
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2 

. 6 h{ x) 

r>.x; = — . (7*20c) 

265 + 6^a(x) 

Now/ we describe the method for numerically solving the outer 
region problem given by the equation (7,19.) with the boundary 
conditions given by (7#18)» We divide the interval [S/l] into 
N equal parts with mesh size h. 


1, **6 

i.e^ h = and x^ = 6 + ih for i = 0 , 1 , 2 , 

By integrating the equation (7,19) in ( i=l/ 2 , * . .,N-1, ) 

we get 

^i+1 

--y(xj^) =/ [p{x)y{x-'6)+q(x)y(x)+r(x)] dx* 

^i 

By making use of the trapezoidal formula for evaluating the 
integrals approximately, we obtain 


^^^i+1^”^^^^ = I f P^^i+l^y^^i+l“'^^ + p(x^)y{Xj^-6)] 

+ I {^‘3^^i+i^y^^i+l^ g(xj^)y(x^)] 

+ ^ [r(x^_j_2^ **■ ] * (7*21) 

Again, by means of Taylor series expansion, we have 


y(x*-6) ts y(x) - dy'Cx) 

and, then by approximating y'(x) by linear interpolation, we get 

y(x,)-y(x. j) 

y(Xj|^-*6) Si y(Xj_) “6( h 

s.(i -|)y(xi) +1 yCx^.^) 


(7*22a) 
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and y(x^_^^-6) S (1 - |) +| y(x^), (7.22b) 

Hence^ by making use of (7.22a-b) in (7.2l) leads after simple 
manipulation to the final three-term recurrence relationship, 
namely 


®i^i-l “ Vi + ®iVl = ^i 
for i = 1, 2, where 


(7.23) 


Fi = 1 + Pi+1 2 " h^^i 2 

^i"^*"2^^*’ H^^i+1 *" 2 ^i+1 

=! hi+i + rj,] 

and Y± = Pi “ p(Xi5/ ^i = ^i “ Equation 

(7-23) gives a systau of (N-l) equations with (N+1) unknowns y^ 
to yj^» The two given boundary conditions (7.18) together with 
these (N-l) equations are then sufficient to solve for the 
unknowns Yi's. The solution of the tridiagonal system (7.33) 
can easily be obtained by using an efficient algorithm called 
'Discrete Invariant Imbedding' (Angel and Bellman [4]). In this 
algorithm we set a difference relation of the form 


(7.24a) 

(7.24b) 

(7 -24c) 

(7.24d) 


TT tr j. m (7.25a) 

yi = “i^i+i 

where and Ti correspond to and Kx^) are to he determined. 

From (7.25a) we have 


yi-i = ”1-1% + ’'i-i- 


(7.25b) 
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Substituting (7.25b) in (7.23), we get 


yi+l + F^-E.W^_J 


By compaxing (7.25c) with (7.25a), we get 


(7.25c) 


VI. = 

and T - 
1 - 

To solve these recurrence relations for i = 1,2,... 
need to know the initial conditions for and T^. 
be done by considering the boundary condition y(6) 
follows 


(7.26a) 

( 7 . 26b) 

,N-1, we 
This can 
= a, as 


y^ = a = W^yj + T^ 

If we choose =: 0, then T^ = a* Using these initial values^ 
we first compute VI^ and T^ for i = 1. 2 . ....N— 1 from (7^26a) and 
(7i.26b) in the forward process. Then we obtain the solutions 
y^ for i = N-l,N-2/..;.,2,l y in the backward process from (7.25a) 
using the remaining boundary condition y^j = 0. 


St ^ 5 i Adjoin the solutions of inner and outer region problems 
to obtain an approximate solution to the original problati 
(7.1) *” (7.2) over the interval 0 < x < 1. 

St^ 6 : R^eat the process for different choices of (terminal 
point of the inner region), until the solution profiles do not 
differ materially from iteration to iteration. For computational 
point of view, we use an absolute error criteria, namely 
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Iy(x)"^^ ** 1 ^ ^ 5 X < 1 (7*27) 

where 

y( x) = m ^ Iteration of the outer region solution. 


and 


h = prescribed tolerance bound* 


Remark 7*2 : We have already mentioned that the differential 
equation (7*9) is valid over the entire interval 0 < t < 1/e* 
Hence, as an alternative to the solution of the outer region 
problem (7 *19) - (7*18), we may use the solution of the initial 
value problem (7*9) - (7*10) over the interval < x < 1* 

7 , .3 NUMERICAL ESCAMPLES 


Example 7*1 ; Consider the following homogeneous SPP from 
Kevorkian and Cole [84], Page t 33/ Equations : 2*3*26 and 
2*3i*27 with a = 0/ 

ey*(x)+y'(x) =0, 0<x<l (7.*2Sa) 

with y(0) =0 and y(l) =1* (7* 28b) 


(7.28c) 


The exact solution is given by 

By integrating the equation (7* 28a), we get 

ey'(x) + y(x) ^ k* 

The constant K is determined by using the equation (7*4), as 


(7*28d) 


K = y(l) = 1* 


(7*2ae) 
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Then/ by using the scaling t = we get the inner region 

problem as an initial value problan : 


YMt) + Y(t) = 1 {7>28f) 

for 0 < t < t with Y(0) = 0* ( 7 # 28 g) 

ir 

The analytical solution of the equation (7*28f), using the 
initial condition (7^28g), is given by 

Y(t) = l-e3^(H:). (7*28h) 

The terminal boundary condition is obtained frcsn the equation 
(7.#28h) and denoted by 


y(3^) = Y(tp) = a* (7#28i) 

In turn/ the outer region problem is obtained and solved by 
using St^ 4* 


The computational results are presented in the Table 1 fit 7-»2/ 
for e = lo”^/ 10~‘^/ re^ectively- 


Example 7. .2 ; Consider the following non-homogeneous SPP from 
fluid dynamics for fluid of small viscosity/ Reinhardt [l25]. 
Example : 2/ 


ey*(x)+y^(x) =* 1+2X/ C ^ ^ ^ ^ 
with y(o) =s 0 and y(l) = 1* 


(7-29a) 

(7*29b) 


The exact solution is given by 


, N (l-exD(-x/e)_) 

y(x) ss x(»H-2e) + (2e-l) ( i-e^(-V^ )) ' 


(7,29c) 
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By integrating the equation (7.»a), we get 

ey'(x) + y(x) = X + + K. (7*29d) 

The constant K is determined by using the equation (7«4), as 

K = y(l) - 1 - i2 ^ (7.29e) 

Then, by using the scaling t = 3 (/e, we get the inner region 
problon as an initial value problan : 

Y'(t) + Y(t) = te + t^e^ - 1 (7.29f) 

for 0 < t < tp with Y(0) = 0. (7.29g) 

The analytical solution of the equation (7.29f), using the initial 
condition (7«^g), is given by 

Y(t) = te+t^e^-l-eC 2te+l)+2e^+(l+e-2e^)e”^- (7.29h) 

The terminal boundary condition is obtained from the equation 
(7j*29h), and denoted by 

y(j^) = Y('tp) = cc* (7»29i) 

In turn, the outer region problem is obtained and solved by 
using Step 4* 

The computational results are presented in the Table 7-3, 7.4, 
for e = lo“'^, respectively. 

Example 7.3 : Consider the following SPP with variable coeffici- 
ents from Kevorkian and Cole r84}. Page : 33, Equations : 2.3.26 

1 

and 2*3.27 with a = - / 



145 


= y“(x) + (1 = 0, 0< .< 1 (7.30a) 

with y(o) =0 and y(l) , 1 , 

we have chosen to use uniformly valid approximation (which is 
Obtained by the method given by Nayfeh [l06]. Page : 143/ 
Equation : 4.2«32) as our 'exact' solution 


y(x) = - 1 e3^(-(x - ~)/e). 


(7,30c) 


First we rewrite the equation (7.30a) in the form of equation (7.1), 
i.. e,. as 

ey*'(x) + [(1 -|)y(x)j' = 0 . ( 7 . 30 d) 

By integrating the equation (7.3Dd), we get 


ey'(x) + (1 -|)y(x) =K, (7.30e) 

The constant K is (Jetermined by using the equation {1^4)^ as 

K = (1 - |)y(l) = 1 , (7.30f) 

Then, by using the scaling t = y/e^ we get the inner region 
problem as an initial value problem : 

Y'(t) + (1 -H)Y(t) =1 (7.30g) 

for 0 < t < t with Y(0) = 0. (7.30h) 

Jr 

Since it is difficult to obtain analytical (closed form) 
solution of the problem (7.30g-h), we have solved it numerically' 
by the classical fourth order Punge-Kutta method, and obtained 
the terminal boundary condition, y(3^^ ® 
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In turner the outer region problem is obtained and solved by 
using St^ 4# 

The computational results are presented in the Table 7^5# 7 #6, 

—3 *-4 

for s = 10 ^10 t respectively* 

7^4 A MORE GENERAL CLASS OP PROBLEMS 

In this section^ we extend our method to a more general 
class of problems of the form : 


s y^'C x)+£a( x) y( x) ] ^ + b(x)y{x) = h(x)v0 5. ^ ^ (7*31) 

with y(0) * a and y(i) = g/ (7--32) 

where e is a snail positive parameter/ a,S are given constants/ 
a(x), b(x) and h(x) are assumed to be sufficiently continuously 
differentiable functions in [o,l]/ and atx) >M > 0 throughout 
the interval [o,l]. where M is some positive constant- 

It is clear that there will be a difficulty in ^plying 
St^ 2 (i-e- in the Integration process) due to the presence 
of the term b(x)y(4t). To overcome this difficulty, we first 
modify the eguation (7-31) and then apply our method. For 
convenience, we shall term this extra step as the 'prellmmary 

Let y^ be the solution of the reduced problan of (7-31) ■ 
(7,# 32)# -that is 

[a(x) y^Cx)]' + b(x)y„(x) = h(x) C7.33a) 

(74»33b) 

with YqCI) =* 
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Preliminary st^ ; Set up the approximate equation to the 
given equation (7^31) as follows : 

sy*'(x)+[a(x)y(x)]' + b(x)YQ(x) = h(x) (7* 34a) 

where we have simply r^laced by y(x) - term by y^Cx)# the 
solution of the redrced problfem ( 7 » 33 a“b)*Then, we rewrite 
this equation(7#34a) in the form of the equation (7*1), i*e* as 


ey^(x) + [a(x)y(x)]^ = H(x) (7*34b) 

where H(x) = h(x)-b(x)yQ(x) ♦ 

NoW/ we can apply our method, St^ 1 to St^ 6, to the modified 
problem (7#34b)“ 

In order to verify this ^proach, we discuss one simple 
example in details 


Example 7|*4 ; Consider the following singular perturbation 
problem from Bender and Orszag fll]# Page : 480# Problem : 9*17 


with a = Oj 

e y^'C x) + y' ( x) - y( x) =0, 0 < x < 1 
with y(0) =1 and y(l) =1* 


(7^ 35a) 
(7^35b) 


The exact solution is given by 
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From the Prelimipary step^ we get an approximate equation to 
(7i»35a) as 


ey^'(x) + y'(x) - y^(x) = 0 ( 7 ,. 35 d) 

where yj^Cx) = e is the solution of the reduced problem of 
(7i»35a--b)| that is 

yj(x) - y^Cx) = 0 (7.35e) 

with y^(l) = 1, (7.35f) 

Then rewrite the equation (7*35d) in the form of (7*1) s 

ey^Cx) + y'(x) == e^"^* (7*35g) 


By integrating the equation {7*35g), we get 


ey'(x) + y(x) = e^*”^ + K* (7*35h) 

The constant K is determined by using the equation (7j*4)# as 

K = y(l) - e^“^ = 0* (7.35i) 

Then by using the scaling t = V®# the inner region 

problem as an Initial value problem : 

y'(t) + y(t) = (7*35j) 

for 0 < t < t with Y(0) = 1* (7*351c) 

XT 

The analytical solution of the equation (7^35j)/ using the 


initial condition (7*35]c)^ is given by 


Y(t) 


“TI+eT 


-1 




-t 

e • 


(7.351) 
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The terminal boundary condition is obtained from the equation 
(7^351) and denoted by 

y (^) = Y(tp) , a. (7.35m) 

In turUj, the outer region problsn is obtained and solved by 
using St^ 4. 

The computational results are presented In the Table 7.7# 7*8# 
for e = respectively. 

7.5 DISCUSSION AND CONCLUSIONS 

We have described an approximate method for the numerical 
solution of a class of singular perturbation problems^ As 
mentioned the method is iterative on the terminal point of the 
inner region. The process is to be repeated for various choices 
of 3^ (terminal point of the inner region), until the solution 
profiles stabilize in both the regions. As an alternative of 
the solution of the outer region problsn (7.19) - (7.18)# we 
may use the solution of the initial value problan (7.9) — (7.10) 
over the interval < x < 1. But for better accurate results# we 
prefer to solve the outer region problem (7.19) -(7.18) as it is. 

We have implemented this method on three problems, by taking 
different values of 6. Only one extra step, called the 
^Preliminary step', is needed to apply the present method to a 
more general class of problems. We have verified this by solving 
a more general class of problem. It can be observed from the 
tables that the presQit method ^proximates the exact solution 

very well. 
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Table 7*1 


. 

Computational results 

for Example 7.1, e 

= 10 

t 

Up 

5 

10 

Exact 

X 

- . - . y(x) 

y( x) 

solution 

0*0 

0*00000000 

0.00000000 

0.00000000 

5*0(10*’'^) 

0*39 3469 33 

0.39 3469 33 

0*39 3469 33 

1*0(10~^) 

0*63212056 

0*6 3212056 

0*63212056 

2.5(10’'^) 

0*91791500 

0.91791500 

0.91791500 

5*0(10~^) 

0.99 326205 

0.99 326205 

0.99 326205 

7 .sdo"^) 


0.99944691 

0.99944691 

1.0(10*"^) 


0,99995460 

0.99995460 

2p0(10'’^) 



1 ,00000000 

0,1 

1 .00000000 

1.00000000 

1.00000000 

0.2 

1.00000000 

1.00000000 

1,00000000 

0.3 

1.00000000 

1 .00000000 

1.00000000 

0.4 

1,00000000 

1 .00000000 

1 .oooooooo 

0,5 

1.00000000 

1 ,00000000 

1,00000000 

0*6 

1.00000000 

1,00000000 

1.00000000 

0*7 

1.00000000 

1.00000000 

1 .oooooooo 

OfiS 

1.00000000 

1,00000000 

1,00000000 

0*9 

1.00000000 

1 .00000000 

1.00000000 

1*0 

1.00000000 

1,00000000 

1,00000000 
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4- ^ 

P 

X 

5 

y(x) 

10 

y( x) 

Exact 

solution 

0,0 

0.00000000 

0,00000000 

0,00000000 

5.0(10"^) 

0,39 3469 33 

0.39 3469 33 

0.39 3469 33 

i.odo"^) 

0,63212056 

0.63212056 

0.63212056 

2.5(10"*^) 

0.91791500 

0.91791500 

0.91791500 

s.oCio’"^) 

0.99 326205 

0.99 326205 

0.99 326205 

7.5(10“^) 


0.99944691 

0.99944691 

i.oCio"^) 


0.99995460 

0.99995460 


2..0C10“^) 


0..1 

Of2 

0*3 

0.4 

0.5 

0*6 

0.7 

0.3 

0.9 

1.0 


1^00000000 
1^00000000 
1.00000000 
1.00000000 
1.00000000 
IVDOOOOOOO 
1 .00000000 
1 .00000000 
1 ,00000000 
1 ,00000000 


1 ,00000000 
1 .00000000 
1 .00000000 
1 ,00000000 
1 .00000000 
1 .00000000 
1 ,00000000 
1 .00000000 
1 .00000000 
1 .00000000 


1.00000000 
1.00000000 
1 .00000000 
1 .00000000 
1 .00000000 

1 .00000000 

1 .00000000 
1 ,00000000 
1 .oooooooo 
1 .oooooooo 
1 .oooooooo 
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Table 7.3 

Coinputat lonal results for Example 7*2, e « 10*”^ 


X 


5 

y( x) 


10 

y( x) 


Exact 

solution 


0,*0 


0*00000000 


5*0(10"'^) 

1*0(10“^) 

2.. 5(10"^) 
s^odo"^) 

7.. 5(10“^) 
i^odo"^) 
2^*0 do"^) 
0*1 

0^2 

0*3 

0*4 

0*5 

0*6 

0j*7 

0*8 

0,.9 

li.0 


-0* 39 3 3627 5 
-0*63175242 
-0*916 32984 
-0*939 2:^34 


-0*88964006 
-0*75968005 
-0*6097 2004 
-0*43976007 
-0*24980013 
-0*03984018 
0*19011980 
0j*4400798 3 
0*7100 3990 
1*00000000 


0*00000000 
-0*39 336275 
-0.6 317 5242 
-0*91632984 
-0*989 238 34 
-0.99 290311 
-0*99087255 

-0.88820001 

-0*75340001 

-0*60360001 

-0.43880000 

-0*24899999 

-0*03919998 

0.19060002 

0*44040002 
0*71020001 
1 *00000000 


0*00000000 

1. 

-0*39 218 315 
-0*6 298 57 32 
-0*91357792 
-0*98626053 
-0*98990677 
-0*98787469 
-0^97764000 
-0*883 20001 
^*75840001 
K)*60860001 
-0*43880001 
-0*24900001 
-0*039 20000 
Oj. 19 060000 

0*44039998 

0*71019998 

1*00000000 
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Table 7«4 

Computational results for Example 7*2, e = 10 


p 

X 

5 

yC x) 

0,0 

0,00000000 

B^OClo"^) 

-0,39 345368 

lj.0( lo”'^) 

-0,63208377 

2£.5(10 

-0,9177 5677 

5;.0(10“^) 

-0,99 2861 20 

7i,5(l0““^) 

ii#o(io”^) 

2j*0Cl0*^) 


0,,1 

-0,88997 29 3 

0(.2 

-0,7 5997696 

0,3 

-Oj.60998099 

0,4 

-0,43998471 

0,5 

i 

-0,249 9 8811 

0,6 

-0,03999116 

0,7 

0,19000613 

0,8 

0,4400037 5 

0,9 

0.71000171 

1,0 

1,00000000 


10 

y(x) 

Exact 

solution 

0,00000000 

0,00000000 

-0,39 345863 

-0,39 334064 

-0.63208 377 

-0,63189415 

-0,9177 5677 

-0,91748140 

-0,99286120 

-0,99 256325 

-0.99879643 

-0,99849661 

-0.99905378 

-0,9987 5331 


-0,997796 39 

-0.88982004 

-0^8898 2000 

-0,7 5984003 

-0,7 5984000 

-0,6098600 3 

-0,60986000 

-0.43988004 

-0,43983000 

-0,24990011 

-0,24990000 

-0,0399 2017 

-0,03991999 

0.19005981 

0,19006000 

0,44003983 

0,44003999 

0.71001990 

0,71002001 

1,00000000 

1,00000000 
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Table 7.5 

^ 3 

Computational results for Example 7.3. e = 10 


t 

t X 

5 

y(x) 

0^0 

0.00000000 

5 - 0 ( 10 “'^) 

0.19674221 

1^0(10*"^) 

0.31610610 

2,.5(10*'^) 

0.459 28897 

5 - 0 ( 10 "^) 

0.497 6 1 321 

7i,5(ao"3) 


i,.o( 10 "^) 


2,.0(lo"'^) 


0^1 

0.52646507 

0,.2 

0.555706 32 

0..3 

0.538 38637 

0^4 

0.6 2514970 

0.5 

0.66681240 

0..6 

0.71442340 

Ofl 

0.769 35448 

CD 

0 

0.8 334 3384 

0..9 

0.90915328 

1,.0 

1.00000000 


10 

y( x) 

Exact 
solut ion 

0,00000000 

0.00000000 

0.19674221 

0.19684075 

0.31610610 

0.31626441 

0.45928897 

0.459 51910 

0.49761321 

0.49 786 303 

0.501349 29 

0.50160159 

0.50 2 2 3590 

0. 50 2489 29 

L. 


0.50505050 

0.52705440 

0.526 31579 

0.55630033 

0.55555556 

0.58898142 

0.588 2 3530 

0.6 257 38 35 

0.62500000 

0.667 38427 

0.66666666 

0.7149 6 310. 

0.71428571 

0.7698 38 35 

0.769 2 3077 

0.8 338 2540 

0.83333333 

0.909 39540 

0.90909090 

1,00000000 

1.00000000 
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Table 7.6 

Computational results for Example 7^3, s s 


t 

p 

5 

Y(x) 

10 

y(x) 

Exact 
splut ion 

0,-0 

0-00000000 

0.00000000 

0-00000000 

5..0(10“^) 

0-1967 3530 

0.1967 3530 

0-19674528 

i..o(io“^) 

0.31606 47 2 

0 - 31606 47 2 

0-31608069 

2i,5(l0'‘'^) 

0-45899065 

0.45399055 

0-45901 360 

5;-0(l0“^) 

0 - 4967 2909 

0.4967 2909 

0-4967 5395 

7 £-5(10“'^) 


0.49988562 

Oj, 4999 1064 

i,.o(io“^) 


0-50020234 

0-500227 37 

2..0(10’"^) 



0-50050050 

0.-1 

u. 

0.526 32324 

0-526 39090 

0-52631579 

i.. 

0^-2 

0-55556350 

0-55563144 

0^55555556 

Oj-3 

0- 588 24352 

0-588 31131 

Oj* 538 2 35 30 

0^4 

0-62500860 

0-62507524 

0-62500000 

0,-5 

0-66667552 

0-6667 3988 

0-66666666 

0*6 

0-7142946 3 

0-71435488 

0-7 1428571 

0,-7 

0.769 23909 

0.769 29 236 

0-769 23077 

CO 

o 

0-8 333407 3 

0.8 3338 355 

0-83333333 

0*9 

0-90909 586 

0-90912206 

0-90909090 

1,-0 

1.00000000 

1 .00000000 

1-00000000 
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Table 7-7 

« 

Computational results for Example 7*4, e = 10 


10 

y(x) 


Exact 

solution 


1,00000000 


5 

y(x) 


0.,0 

5.. 0( lo “'^) 

1 .. 0(10~^) 
2,5(10"'^) 
5#0{10”^) 
7#5C10“^) 
1,0(10"*^) 

2.. 0(10"^) 
0 — 1 

0^,2 

0-3 

0-4 

0-5 

L. 

0^6 
0^.7 
O .8 
0^.9 

lifO 


1.00000000 
0.75131915 
0,60055898 
0,42034964 
0,37 361576 


0,4066 3699 
0,449 39510 
0,49664925 
Oj.54887 223 
0,60658645 
0,67 0 369 37 
0-74085910 
0,8187608 3 
0,90485402 

1,00000000 


0,75131915 
0.600 55898 
0,420 349 64 
0,37 361576 
0,37062845 
0.37123420 

0.4069 3049 
0,44968 342 
0,4969 2805 
0,549 1 3630 
0,60682965 
0,67058437 
0,741037 29 
0,81889 214 
0,9049 2660 

1,00000000 


1,00000000 
0^7 5141688 
0,60079141 
0,42089 517 
0, 37 4 3 2568 
0,37136243 
0,37197179 
0,37 567774 
0,4069 3440 
Oj . 449 687 26 
0,4969 3177 
0,54913982 
0,6068 3239 
0,670587 26 
05,74103969 
05,81889 39 2 
0,9049 2758 

1,00000000 
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Table 7*8 


Computational results for Example 7*4* e = lo" 


* 


5 

y( x) 


10 
y( x) 


Exac±. 

solution 


0,.0 


6^0(10*“^) 

1^*0(10~^) 

2i.5(10“^) 

5,*0C10’''^) 

Km 

7.. 5ClO~'^) 

1.. 0(io~^) 
2,*0(10~^) 
0^1 

0.*2 

0,*3 

0.4 

0,*5 

0,.6 

Qml 

0,*8 

0,#9 

1 .. 0 


1.00000000 
0.75 1 28 387 
0.60043713 
0.4198 2526 
0.37 228607 


0.40651796 
0.449 27818 
0,49653622 
0*54376515 
0.60648782 
0.67028214 
0.74078687 
0.81870759 
0.90482465 

1.00000000 


1.00000000 
0.7 5 1 28 387 
0.60043713 
0.41982526 
0.37 228607 
0.368 468 28 
0.363 2 3938 

0.40660421 
0.449 36290 
0.496618 1 2 
0.54884274 
0.606559 32 
0-67034537 
0.7408 3919 
0.81874620 
0.9048459 5 

1.00000000 


1.00000000 
0.7 5128750 
0.60045052 

b.. 

0.41986551 
0.37 234153 
0. 368 5 2598 
0.368 297 35 
0. 36863712 
0.4065907 3 
0.449 34966 
0.49660532 
0.54883059 
0.60654812 
0.67033543 
0.74083101 
0.81874018 
0.90484262 

1.00000000 


CHAPTER 8 


AN INITIAL VALUE TECHNIQUE FOR A CLASS OF 
NONLINEAR SINGULAR PERTURBATION PROBLEMS 

S,*l INTRODUCTION 

In this and next chapter we discuss numerical techniques 
for solving nonlinear singularly perturbed two point boundary 
value problems* There are a wide variety of techniques for the 
solution of nonlinear singular perturbation problems (cf* Bender 


and Orszag [22]# Kevorkian and Cole [34]# and O'Malley [llS])* 
Many of these techniques consists of (a) dividing the problem 
into an inner region problem and an outer region problem# 

(b) expressing the inner and outer solutions as asymptotic 


ej^ansions# (c) equating various terms in the inner and outer 
expansions to determine the constants in these expansions#- 
and (d) combining the inner and outer solutions in some fashion 
to obtain a uniformly valid solution. Typically the inner region 
probloas are obtained fron the original problai by rescaling the 
independent variable. These techniques and their variations 
have been used successfully on a variety of linear and nonlinear 
singular perturbation problems. However, there can be diffioil- 
tles in applying these methods, much as the matching of the 
coefficients of the Inner and c^ter er^ansions. Access may 
depend on finding the proper scaling to e:„ress the dependent 


and independent varis-bles* 


scaling to express 
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In view of the wealth of literature on singular pertur- 
bation problems, we raise the question whether there are other 
ways to attack singular perturbation problems; ways that are 
very easy to use, and ready for computer Implementation^ In 
response to this need for a fresh approach to singular 
perturbation problems, we propose and illustrate in this chapter 
the initial value technique for a class of nonlinear singularly 
perturbed two point boundary value problems with a boundary 
layer on the left end of the underlying interval. It is 
distinguished by the following fact: The original second order 
pix>blem is replaced by an asymptotically equivalent first order 
problem and solved as an initial value problem. Numerical 
experience with several examples is described* 

8*2 INITIAL VALUE TECHNIQUE 

For convenience we call our method the 'initial value 
technique'* To set the stage for the initial value technique, 
we consider a class of nonlinear singular perturbation problems 
of the form : 

ey^ix) + [pCyCx))]' + q(x,y(x)) = r(x),a < x < b (8.1) 

with y(a) = a and y(b) = |3 (3.2) 

where e is a small positive parameter (0 < e « l); are 
given constants; p(y)/ q(x,y) and r(x) are assumed to be suffici* 
ently differentiable functions. Furthermore, we assume that the 
problem (8.1) *- (3.2) has a solution v^ich displays a boundary 
layer of width 0(e) at x = a for small values of e* 
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The initial value method consists of the following steps; 

St^ 1 • Obtain the reduced problem by setting e egual to zero 
in (8*l)/ and solve it for the solution* Let be the solution 

of the reduced problem of (8*1) - (3.2)/ that is 

[pCYqCx))]' + q(x,yQ(x)) = r(x) (8.3) 

with yQ(b) = 3 . ( 8 , 4 ) 

St^ 2 : Set up the approximate equation to the given equation 

(3^1) as follows ; 

ey"(x) + [p(y(x))]* + q(x/yQ(x)) = r(x) (3*5) 

where we have sijt^ly replaced the y(x) -term in q(x»y(x)) by 
yQ(x)^ the solution of the reduced problem (8*3) - (S^4)(* 

Step 3 ; Replace the approximated second order problem (8*5) - 

(8i*2) by an asymptotically equivalent first order problem as 
follows s 

By integrating the equation (8*5)# we ottain 

eY'(x) + p(y(x)) + C(x) = R(x) + K (3*6) 

where we have set 

Q(x) =/ q(x#yQ(x)) dx/ 

R(x) = / r(x)dx 

and K is a constant to be determined* 

In order to determine the constant K, we Introdnce the condition 
that the reduced ejnatlon o.£ the agnation (8.6) should satisfy 
the boundary condition, y(b) =8. 
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i.e* p(y(b)) + Q(b) = R(b) + k 

K = p(3) + Q(b) - R(b), (3^7) 

Remark 8.1 : This choice of K ensures that the solution of the 

reduced problen of (3.1) - ( 3 . 2 ) satisfies the reduced equation 
of the equation (8*6). 

Now^ we adjoin the condition (which we drop* ■whenever we 
formulate the reduced problem of ( 8 .I) - ( 8 . 2 )) y(a) = a to the 
equation (8.6) to obtain a first order problem as follows t 

ey'(x) + p(y(x)) + Q(x) = R(x) + K (3.8) 

withy(a) = a (8.9) 

where the constant K is given by the ec^ation (8.7). Thus in a 
manner of peaking* we have r^laced the original second order 
problem ( 8 .I) — ( 8 . 2 ) with the asynptotically equivalent first 
order problon (8.8) ^ (8*9). We solve this initial value 
problem (8.8) - (8.9) to obtain the solutions over the interval 
^ ^ ^ There now exists a number of efficient methods for 

the solution of initial value problems. In order to solve the 
initial value problems in our numerical ej<perimentation* we 
make use of the classical fourth order Runge“Katta m^hod. In 
fact any standard analytical or numerical method can be used. 

Remark 8.2 : ^’or the case q(x*y(x)) = 0* we do not require the 
Steps 1 and 2# because we can directly integrate the given 


equation 



3;* 3 numerical examples 

To illustrate how the initial value method works we will 
discuss three examples solved by the method# These examples have 
been chosen because they have been widely discussed in the 
literature and because approximate solutions are available for 
comparison# 

Example 3#1 : Consider the following example from O'Malley [113]# 
Page : Equation : 1#10/. Case 2/ 


e y" = yy* / -1 < x < 1 
with y(-l) * 0 and y(l) = -1# 


( 8 . 10 ) 

( 8 # 11 ) 


Wg have chosen to use O'Malley's approximate solution (O'Malley 
[113]# Pages : 9 and lOf Equations : 1-13 and 1#14) for comparison. 


y(x) = - 


[l-e3p(“(x+l)/s )] 


(8#12) 


[l+e3p(-(x+l)/s)] 

For this example# we have a boundary layer of widt 
^ ^ O'Malley [ll3]# Pages : 9 and lOy ajaations : 1-10# 

1.13 and 1.14/ Caae 2, and Roberts [l29]). 

4 --i/.,rv 1o) in the form of the equation 

First we rewrite the equatoon (8.10J m tn 

(3#l)# i#e# as 

v(x)^n# r\ (8 #13) 

6y»(x) - [^V“3 * 

. R«nark 8 #2 we do not require the Steps 1 and 

As mentioned in the Renar 

fv v(x)) * 0 in this example# Hence by 
2 since the term q(x#y(x;; 

int^ratlng the agnation (8.13), « get 

f ^2 

. / \ a K# 

e y' ( x) • * 2 


(8.14) 



The constant K is determined by using the equation (3*7)/ as 


K = - XUlf _ . 1 

2 2 ' 

Hence the initial value problem is given by 

e y' ( x) - [ ] = 0 

for **1 £ X < 1 with y(-l) =0* 


(3^15) 


( S 4»16 } 

(8.17) 


The computational results are presented in the Table 3^1/ 84i2, 
—2 “3 

for e = 10 f 10 j, respectively* 

Example 8*2 : Consider the following example from Kevorkian and 
Cole [84]# Page ; 56/ Equations : 2#5*1? 

Sy* + Yy'“y =*0/0<x<l (8*18) 

with y(0) = -1 and y(l) = 3*9995# (8*19) 

Wo have chosen to use Kevorkian and Coleys uniformly valid 
approximation (Kevorkian and Cole [84]/ Pages : 57 and 58/ 
Equations : 2:.5^5, 2-.5..11 and 2*5*14) for comparison* 


y(x) - x+Cj tanh -j(f + C 2 ) (8*20) 

where c^ = 2*999 5 

‘^2 • 

For this example, we have a boundary layer of vd.ath 0(s) at 
X = 0 (cf. Kevorkian and Cole [84], Pages : 56-66, and Roberts 
[130]). First we write the elation (8,18) in the form of the 

equation (8*1)# l*e* 
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ey^(x) + [XLj) , j# - y(x) - 0- 

(8-21) 

The reduced equation is given by 

'1 - y(x) = 0. 

(8-22) 

This implies two equations 

y(x) = 0, 

(8.23) 

y'(x) =1. 

(3-24) 


Only the equation (8*24) is the correct differential equation 
( cf^ Kevorkian and Cole {[643 snd Roberts {]l30j)# Hence the 
'correct' reduced problem is given by 


'correct' reduced problem is given by 

= 1 (8-25) 

with y^Cl) * 3*9995 (8*26) 

whose solution is 

YqCx) = xf 2-99 9 5. (8 - 27) 

From the Step 2# we get an cpproxlmate equation to (8-2l) as 

ey-Cx) +[^]' - (x+2.9995) = 0- (8-28) 

Now by integrating the equation (8-28), we get 

2 2 

ey^Cx) + (p-l)x) = K (8-29) 

where we have set $ = 3»9995# 

The constant K is determined by using the equation (3.7)# as 


K - - (^ + 3-1) = 


(8-30) 
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xti vslu© piolDlon is ^iv©n 

ey'Cx) + j ^ Q ( 8 .. 31 ) 

for 0 < X < 1 with y(0) = -!• (8*32) 

The computational results are presented in the Table 8*3/ 8*4/ 
—2 “3 

for e = lO / 10 , respectively. 

Example 8*3 i Consider the following example from Bender and 
Orszag [22], Page : 463? Equations: 9.7.1/ 


ey" + 2y^ + e^ = 0?0<x<l (8 #33) 

with y(0) = 0 and y(l) = 0# (8 #34) 

We have chosen to use Bender and Orszag' s uniformly valid 
approximation (Bender and Orszag [22]/ Page : 463? Equation : 
9j#7*6) for corrparison* 


y(x) = log - (e:p(-2Vs)) log 2 


(3*35) 


For this example also we have a boundary layer at x = 0 
(cf* Bender and Orszag [22])# 


The reduced problem is given by 

y (x) 

2i^(x) + e » 0/ 

with 


(8*36) 

(8*37) 


whose solution is 

y^( x) = log iIj- 
Uslng the 3t^ 2, we get an 


(8*38) 

approximate eguation to (8*33) as 
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ey"(x) + [2y(x)]' + = 0, 

Now by integrating the equation (3^39), we get 


(8-39) 


ey'(x) + 2 y(x) + 2 log (l+x) » 


(3-40) 


The constant K is determined by using the equation (3-7)/ as 

K a 2y(l) + 2 log (1+1) = 2 log 2- (3-4l) 

Hence the initial value problem is given by 

sy'(x) + 2 [y(x) - log == 0 (8.42) 

for 0 < X < 1 with y(0) = 0. (3.4 3) 

The computational results are presalt eS in the Table 8-5, 8.6, 
for e = lo”^, lo”\ respectively. 

3,4 DISOJSSION 

In general the numerical solution of a boundary value 
problem will be a more difficult matter than the numerical 
solution of the oorre^ondlng initial value problem. Hence, we 
always prefer to convert the second order problet into a first 
order probleu- For erample, we have a transformation which 
converts a second order linear differential equation into a 
first order nonlinear differential elation, called the Rlccati 
eciratlon. If the original probl« la nonlinear then we have to 

solve by iterative methods >*ich require more oompu 

4 ... ^Tlitial value technique is required, 

time- In this situation t ^ ^ 

iw initial value technique, the e 3 *.ectation is that 
On ap plying the initial 

on ^piy y ^ „aiue pmblan wUl be easier 

solving the corre^onding ml 
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8-5 CONO^USIONS 

We have described and Illustrated with three examples 
the initial value technique- It provides an alternative and 
supplementary technique to the conventional ways of solving 
certain classes of nonlinear singular perturbation problems- 
The method possesses several advantages- First, it does not 
require the analysis, experimentation, and knowledge necessary 
in the conventional methods to find the 'correct' asymptotic 
expansion- Second, the method is primarily a numerical 
technique and is readily adapted for computer implementation 
with a modest amount of problem preparation- Third, it is 
accurate and efficient- The numerical experiments illustrate 
this fact- Finally, we conclude that the present method 
appears to be one of the best choices for numerically solving 
singular perturbation problans with less amount of ccmputational 

time- 
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Table 8#1 

Computational results for Example 8*1, e = lo' 


X 

Present solution 
y(x) 

O'Malley's solution [lis] 
y(x) ... 

-1,000 

0 .0000000 

0.0000000 

-0,999 

-0.0499534 

-0.0499 535 

-0,995 

-0.2449137 

-0.2449188 

-0.990 

-0.46 21171 

-0.46 21171 

-0.985 

-0.6351489 

-0.6351490 

-0..980 

-0.7619941 

-0,7615942 

-0,97 5 

u 

-0.848 2836 

-0.8482836 

-0,970 

-0.9051482 

-0.9051433 

—0 .9 6 5 

-0.9413755 

-0.9413755 

-0 .960 

-0.9640275 

-0.9640276 

-0.9 50 

-0.9866143 

-0.9866143 

00 

0 

1 

-1.0000000 

-1.0000000 

-0.6 

-1.0000000 

-1.0000000 

1 

O 

• 

-1.0000000 

-1.0000000 

-0.2 

-1.0000000 

-1.0000000 

o 

o 

-1.0000000 

-1.0000000 

0,2 

-1.0000000 

-1.0000000 

0.4 

-1.0000000 

-1.0000000 

0.6 

-1.0000000 

-1,0000000 

QD 

• 

o 

-1 *0000000 

-1.0000000 

-1,0000000 

1.0 

-1.0000000 
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Table 8*2 


Comput at io nal 

results for Example 8 

.1, e=io“^ 

X 

Present solution 0 
y(x) 

'Halley's solution fllSl 
y(x) 

-1,0000 

0.0000000 

0.0000000 

-Oi.9999 

-0.0499584 

-OX! 499 59 2 

-0 ,999 5 

-0,2449187 

-0.2449191 

-0*9990 

-0.4621171 

-0.46 21180 

-0.9985 

-0.6 351489 

-0.6 351499 

-0.9980 

-0.76 1 5941 

-0.76159 34 

-0,.997 5 

-0.8482836 

-0.848 28 33 

-0*9970 

-0.9051482 

-0.9051481 

-0^9965 

-0.9413755 

-0.9413755 

-Oi.9960 

-0.9640275 

-0.9640276 

-0*9 500 

k.. 

-1.0000000 

-1.0000000 

— Oj.8 

-1.0000000 

-1.0000000 

-0*6 

L. 

-1.0000000 

-1.0000000 

1 

o 

-1.0000000 

-1.0000000 

-0^2 

-1.0000000 

-1.0000000 

0*0 

-1.0000000 

-1.0000000 

0..2 

-1.0000000 

-1.0000000 

0 ^ 4r 

-1.0000000 

-1.0000000 

0.6 

-1.0000000 

-1.0000000 

CO 

o 

-1.0000000 

-1.0000000 

1*0 

-1.0000000 

-1.0000000 
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Comput at ion al 

Table 8,3 

results for Exaiiple 8 . 2 , 

e = lo”^ 

X 

Present solution 
y(x) 

Kevorkian and Cole's 
solution [841 
y(x) . 

o,.o 

“1,0000000 

“1 ,0000000 

lj.O(lo“^) 

“0,58 22459 

“0.5813961 

5j»0.( 10*^) 

1,15 1 3299 

1,152959 2 

li.odo”^) 

2,46 447 77 

2,4659396 

i^sdo*"^) 

2,8817 559 

2,8839996 

2-.odo"’2) 

2,9870105 

2,98937 35 

2-5(10*“^) 

3.0147144 

3,0178623 

s^odo”^) 

3,0247648 

3,028017 3 

3#5dO*"^) 

3,0 308348 

3,0341690 

4^0(10“^-) 

3,0 361357 

3,0394261 

s^odo"^) 

3,046 2122 

3,04949 6 3 

0^1 

3,0962686 

3,099 5000 

0^2 

3.196 3699 

3.1995000 

Oj,3 

3, 296 46 50 

3,2995000 

0,.4 

k. 

3,3965544 

3,3995000 

0^5 

3,4466386 

3,4995000 

0^,6 

3,59 67 184 

3,5995000 

0,.7 

3,69679 39 

3,6995000 

0,*8 

3,7968656 

3,7995000 

0..9 

3,8969 335 

3,899 5000 

1^#0 

3,9969980 

3,9995000 


Table 8 #4 


Computational results for Exanple 3.2, e = lO*"^ 


X 

Present solution 
yC x) 

Kevorkian and Cole's 
solution [84] 
y(x) 

o,.o 

- 1 .0000000 

“1.0000000 

i,.o(io“^) 

-0. 58 2 3840 

“0.5822961 

5..0(10“'^) 

1.148 2856 

1.143 459 2 

i,,o( 10 ’“^) 

2.4567688 

2.4569 396 

l£.5(l0“^) 

2.8702568 

2.8704996 

2j.0(l0“^) 

2.9715787 

2.97187 35 

2t.5(l0“^) 

2.99 50433 

2.99 536 23 

3..0(10*“^) 

3.0006889 

3-001017 3 

3,. 5 ( 10 “^) 

3.0023375 

3.0026690 

450 ( 10 “^) 

3.00309 36 

3.0034261 

5_^0(10**^) 

3.0491720 

3.049 5000 

0.1 

3.0991772 

3.0995000 

0.2 

3.1991872 

3.1995000 

0*3 

3.2991974 

3.2995000 

0.4 

3. 399 2080 

3.3995000 

0.5 

3.499 2181 

3.4995000 

0j,6 

3.599 2277 

3.5995000 

0^7 

3.699 2369 

3.699 5000 

0.8 

3.799 2457 

3.7995000 

Ot.9 

3.8992542 

3-8995000 

1.0 

3.999 26 23 

1^.9995000 


Table 8»5 

Computational results for Example 3 #3, e = lo”^' 


P r es ent solut ion 
y( x) 


Bender and Orszag's 
solution f22] 
y(x) 


0.0 

0,0000000 

0.0000000 

i.odo"^) 

0.1255508 

0.1246468 

s.-oCio"^) 

0,436 3124 

0.4331651 

i^o(io“^) 

0.59 36818 

0.539 ^96 


0.6484476 

0.6437488 

2..0(10“^) 

0.6654825 

0.6606491 

2,.5C10”^) 

0.6686520 

0.6637842 

3.0(10*’^) 

0.6667 358 

0.6618702 

3,.5(1o"^) 

0.66 29 6 35 

0.6581137 

4,fOClO*’^) 

0.6585233 

0.6 5 369 39 

Si-OClQ-^) 

0.6491101 

0.6443255 

0,.l 

0.6024033 

0.597 3 370 

Oj.2 

0.5150098 

0.5108 256 

0,.3 

0.4346440 

0.4307329 

0^4 

0.3602594 

0,3566749 

0.5 

0.29 10268 

0,28763 21 

0.6 

0.226273 5 

0.2231435 

0,.7 

0.1654638 

0,1625139 

0.8 

0.1031459 

0.1053605 

0.9 

0.0539 316 

0.0512933 

1.0 

0.0025060 

0,0000000 
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Table 8*6 

Computational results for Example 8-3^ e = 10*"^ 


X 

Pres ent so lut Ion 
y( x) 

Bender and Orsza 
solution [ 22 ] 
y(x) 

0.0 

0,0000000 

0.0000000 

1.0 do'"^) 

0,1256351 

0.1255463 

5.0(10*''^) 

0.4379647 

0,4376527 

1.0(10^^) 

0,5987695 

0.593 3404 

1.5(10"^) 

0.6576115 

0.657 1 385 

2,. 0(10“^) 

0,6789430 

0.6784537 

2.. 5 (10”^) 

0.6864752 

0.68 59799 

3j.0(l0"^) 

0,,6889 309 

0.6884335 

St.sdo’"^) 

0.689 519 2 

. 0.6890212 

4^.0 ( lo"^) 

0.6894207 

0.6839 226 

5,.0(10’"^) 

0.6448 335 

0.6443570 

0,d 

0.59 8 2919 

0.5973370 

0j,2 

0.5112427 

0.5108256 

0^3 

0.431167 3 

0.4307329 

0,.4 

0^3570307 

0.3566749 

0^5 

0 .28801 29 

0,28768 21 

0^6 

0.2234527 

0.2231435 

0^7 

0.1628089 

0.1625189 

CO 

0 

0,1056334 

0.1053605 

0.9 

0.0515509 

0.05129 33 

1.0 

0.0002439 

0 .0000000 



CHAPTER 9 


A BOUNDARY VALUE METHOD FOR A CLASS OP 
NONLINEAR SINGULAR PERTURBATION PROBLEMS 

9^1 INTRODUCTION 

In order to know the behavior of the solution of the 
singular perturbation problem in the boundary layer region it 
is always suggestive to solve the problem in outer and boundary 
layer regions s^arately# For many singular perturbation 
problems a reduced problem is well defined and known a priori. 

We use these facts for the numerical solution of a class of 
nonlinear singular perturbation problems# 

In this chapter, we propose and illustrate a boundary 
value method for solving a class of nonlinear singularly perturbed 
two point boundary value problems with a boundary layer on the 
left end of the underlying interval. This method is based on a 
different approach which is conceptually closer to the ideas of 
singular perturbation analysis. By constructing a modified 
problan with a boundary layer correction, we discuss how to deal 
with the boundary layer se>arately. The method is iterative on 
the terminal point of the boundary layer. Several numerical 
examples are discussed to illustrate the method. Finally, a 
lower bound for the terminal point of the boundary layer region 

of the perturbation parameter* 


is obtained in terms 
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9 ,.2 BOUNDARY value method 

For convenience we call our method the < boundary value 
method'- For clarity of e^sltlon of the boundary value method, 

we consider a class of nonlinear singular perturbation problans 
of the form ; 

ey* + f(x,y)y'+g(x,y) =0, 0 < x < 1 ( 9 , 1 ) 

with y(0) = a and yd) = (9,2) 

where £ is a snail positive parameter (O < e « i); a^jg are 
given constantsi f(x#y)< and g(x^y) are assumed to be sufficiently 
differentiable functions# Furthermore, we assume that the 
problem (9,l) — (9# 2) has a solution which displays a boundary 
layer of width 0(e) at x = 0 for small values of e. 

We are interested in solving the problan (9<1) - (9#2) 
numerically for small values of the perturbation parameter e# 

Upon setting e = 0 In (9*1) we note that the equation decreases 
in order, that is, it becomes 

fCx#y)y' + g(x,y) = 0* (9*3) 

In order to determine the solution of this equation we only need 
to impose one of the boundary conditions from (9*2)# The 
question is which one of the two conditions should be retained* 

The answer d^ends upon the location of the boundary layer* 

Since we have assumed that the boundary layer occurs in the 
neighbourhood of x = 0, we must drop the boundary condition at 
the origin and take the boundary condition at the other end. 
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that is, y(1) _ 3 should be retained* Hence the equation (9*3) 
together with the boundary cordition at x . 1 results in the 
so-called reduced problsn : 

f(x,U)U' + g(x,U) = 0, ( 9 ^ 4 ) 

U(l) = 13 , ( 9 ^ 5 ) 

It is well known from the singular perturbation theory that 
over most of the interval [o, ij the solution of (9j»l) — (9»2) 
behaves like the solution of (9*4) •• (9*5) but to satisfy the 
other boundary condition there is a small region in which the 
solution of (9*l) — (9*2) must deviate greatly frcxti that of 
(9*4) - (9*5)* This region is usually referred to as the 
boundary layer region* We choose the so-called stretching 
t ransfomation : 

X = te. (9.6) 

This transforms the equation (9*l) into 
2 

+ f(te*y) ^ + sg(te,y) = 0* (9*7) 

dt 

Upon setting e = 0 in (9*7), we have 

+ f(0,y) § = 0. (9.8) 

dt 

If wei iroguix*© the solution of (9 #8) to cx>mpens3te for the fact 
that the solution of the reduced problem (9.4) - ( 9 ^ 5 ) does not 
satisfy the boundary condition at x = 0 and further require that 
this solution goes to zero as t then we obtain the boundary 

layer correction problem : 
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V" + fCO^UCO+V)^^ = 0, t > 0, (9,9) 

v(o) = a--u(o), lim v{t) =s 0* (9,10) 

Then from the standard singular perturbation theory (see e#g* 
O^Malley [lls]) it follows that the solution of (9^1) - (9*2) 
admits the representation in terms of the solutions of the 
reduced and boundary layer correction problems* Thus one can 
write the solution of (9.*1) - (9*2) as an asynptotic es^ansion 


y(x) = U(x) + V(t) + 0(e) (9.11) 

as e ->■ o'*’ uniformly in [o,l], with U the solution of (9*4) -(9*5) 
and V the solution of (9*9) - (9*10)* 

The expansion (9*11) will be the basis for our numerical 
scheme* We note that (9.9) - (9.10) is an exterior boundary 
value problon in terras of the stretched variable t* Hence the 
usual niomerical methods can not be directly applied to (9*9) 
(9*10) without some modification. As will be seen, our boundary 
layer correction problem is one such modification* 

The idea of our schane is to construct U and V in (9-11) 


(9.12) 


so that the solution 

y = U+V 

can be used to w«>xtoate the solution y(x) of (9-1) - (9.2). 

in the case of the reduced problea (9.4) - (9.5). since no^^all 

e ar^nroximate U without difficulty 

parameter e is involved. «e can ^proximate 

by any suitable method. Although e does not appear explicitly in 
the boundary layer correction pioblan(9.9) - (9-10), the 
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semi-infinite domain causes some difficulty- Hence our first 
task is to modify (9-9) - (9.10) in such a way that we treat 
a similar problsti tut in a finite Interval which will enable us 
to utilize standard numerical methods for boundary valine 
problems. Let t^ be the terminal point or width or thickness 
of the boundary layer region- Then from the theory of singular 
p erturbations^ we know that V the solution of the boundary 
layer correction problem is insignificant outside the boundary 
layer region- Hence, in place of the boundary layer correction 
problan (9-9) - (9-10), we consider the following modified 
boundary layer correction problan : 

V" + f(0,U(0)+V)V' =0, O < t < t (9-13) 

v(o) * a-u(o) , v(t^) = o- (9.14) 

We solve this modified boundary layer correction problan (9-13) - 
(9-14) over the interval 0 5. ^ 5. 

In order to solve the nonlinear two point boundary 
value problan given by the equations (9.13) - (9-14) [Boundary 
layer correction problan], we make use of the method of quasi- 
linearization (cf- Bellman and Kalaba [ 21 ], see also Lee [91], 
and Roberts and Shipman [l3l]) coupled with the classical 
second order central difference scheme (cf- Fox [s?])- In fact 
any standarti analit:ical or numerical method can be used- 

After solving both the reduced and boundary layer 
correction problems, we combine the solutions of the reduced 
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problan (9*4) - (9,5) and the boundary layer correction problon 
(9,13) - (9,14) using the e<|aation (9,12) to obtain an ^proximate 
solution to the original problem (9,1) •* (9,2) over the interval 

0 1 X < 1. 

the process for various choices of t^ (temlnal 
point of the boundary layer region), until the solution profiles 
do not differ materially frcxn iteration to iteration. For 
computational point of view, we use an absolute error criteria, 
namely 

|V(t)^'^^-V(t)"^l <d;0<t<t (9,15) 

hr 

where 

tin 

V(t)^ = m iterate of the boundary layer region solution 
and 

a = prescribed tolerance bound, 

9,3 NUMERICAL EXAMPLES 

To illustrate the boundary value method, we have applied 
it to three nonlinear singular perturbation problems. These 
examples have been chosen because they have been widely 
discussed in the literature and because approximate solutions 
are available for comparison. 

Example 9,1 : Consider the following example from Bender and 
Orszag [22], Page : 46 3; Equations : 9,7,1 X 

(9,16) 


ey* + 2y* +e^=:0, 0<x<l 
with y(o) ss 0 , y(l) =0, 


(9,17) 
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We have chosen to use Bender and Orszag'^s uniformly valid 
approximation (Bender and Orszag [22], Page : 463/ Equation : 
9 #7*6) for con^arison# 


y(x) = log - ( ej^(-23</® ) ^ 2« (9*18) 

For this example, we have boundary luyer of width 0(e) at x = O 
( cf* Bender and Orszag [22j)» 

The reduced problem is given by 

2U'+^=0, (9.19) 

U(1)=0, (9.20) 

whose solution is 


U(x) * log 


(9^21) 


(9.22) 

(9.23) 


The boundary layer correction problem is given by 
V* + TV* = O , 0 < t < tp 

v(o) = o-u(o), V(t ) = 0. 

ir 

The computational results are presented in the Table 9.1, 9.2, 
for e=i 10**^, 10*“\ respectively. 

Example 9.2 t Now, consider the following exanple from Kevorkian 
and Cole [84], Page ; 56; Equations : 2.5.1; 

ey* + yy' ~y = *^r 0<x<l (9.24) 

with y(0) =s ~1 , y(l) = 3.9995* (9.25) 

we have chosen to use Kevorkian and Cole's uniformly valid 
approximation (Kevorkian and Cole [84], Pages : 57 and 58/ 
Equations : 2,5,5, 2.5.11 and 2.5.14) for comparison. 



y(x) = X + cj tanh -^ (# + , ( 9 . 26 ) 

where 

= 2-9995 

and 

I'or this example also we have a boundary layer of width 0(e) at 
X = 0 (cf» Kevorkian and Cole [84], and Roberts [l30])- 

The reduced equation is givoi by 

yy'-y = 0.. (9.27) 

This implies two equations 

y = O, (9^28) 

y' = 1- (9*29) 

Only the equation (9-29) is the correct differential equation 
(cf* Kevorkian and Cole [84], and Roberts [130]), Hence the 


'correct' reduced problem is given by 

u' = 1 , (9-30) 

U(l)= 3 - 9995 , (9.31) 

whose solution is 

U(x) = x+2-9995- (9-32) 

The boundary layer correction problem is givoi by 

V*' + (u(o)+v)v' =0, 0 < t < tp (9-33) 

V(0) = -l-U(O), V(tp) = 0. (9.34) 
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The computational results are presented in the Table 9*3, 9#4, 

O mmO 

for e = 10 ,10 , respectively. 

Example 9*3 : Finally, consider the following example from 
O'Malley (]ll3j. Page : 9 / Equations ; 1*10/ Case 2/ 


ey» - yy' =0, -l<x<l, (9*35) 

% 

With y(~l) = 0 , y(l) = -1. (9 *.36) 

We have chosen to use O'Malley's ^proximate solution (O'Malley 
[ 113 ], Pages : 9 and 10/ Equations : 1*13 and 1*14) for comparison* 

(9.37) 

[lte353(-(x+l)/e )] 

For this example* we have a boundary layer of width 0(s) at the 
left end of the interval, that is, at x = *1 (cf* O'Malley [113]* 
and Roberts [l29]).* 


The reduced equaftion is given by 

— yy' = 0 * 

This implies two equations 

y = O, 

y' = 0* 


(9-38) 

(9.39) 

(9-40) 


Only the equation (9*40) is the correct differential equation 
(cf* O'Malley [ 113 ], and Roberts [l29])* Hence the 'correct' 

reduced problem is given by 


U' S 0 , 
U(l)=S -1, 


(9*41) 

(9*42) 
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whose solution is 


u ( x) = - 1 , 

(9*43) 

We remark that in this example the stretching transformation is 
given by 

X = te - 1 , 

( 9 * 44 ) 

The boundary layer correction problem is given by 


v» i- (u(-l)+v)v' = 0 , 0 < t < t 

“ p 

( 9 . 45 ) 

V(0) = OHJ(-l), v(t ) = 0, 

XT 

(9*46) 

The computational results are presented in the Table 

9*5, 9*6, 


for e = lo”^, lo'”^^ respectively^ 

9 (.4 DISCUSSION 

As mentioned, the method is iterative on the terminal 
point of the boundary layer region* The process is to be 
repeated for various choices of t (terminal point of the 

Jr 

boundary layer region), until the solution profiles stabilize* 
The point t is not uniq[ue but can assume a wide range of values* 

ir 

To reduce the amount of computation we desire the smallest value 
of tp which gives the rejuired accuracy* Because the boundary 
layer region is small relative to the entire interval of the 
original problem, we can usually iit^rove our accuracy by making 
tp larger* To solve the nonlinear two point boundary value 
problems in our numerical ejqjerlmentation, we have used the 
method of quasilinearization (cf* Bellman and Kalaba [ 2 I] coupled 
with the classical second order central difference schane 
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( cf j« Pox fsvj),* In fact any standard analytical or numerical 
method can be used^ 

The boundary value method is similar in some respects 
to the asyrtptotic expansion methods but differs in detail# In 
fact the methods differ in how they use the data vjhich are 
available# In our prescription for the boundary value method 
we have assumed that the solution of reduced problem can be 
found# While our orientation is toward numerical methods using 
a computer# there is no reason that other solution techniques 
cannot be used : analytical ^proximation# or even asymptotic 
expansion methods# 

We have implemented the present method on three examples 
by taking different values for e# We have tabulated the 
ccroputational results obtained by the boundary value method 
as well as the approximate solutions developed by othersf# It 
can be observed from the tables that present method approximates 
the exact solution very well# 

9 #5 SOME THEORETICAL RESULTS 

If we look at the boundary value method for linear 
problans# we find some interesting results# To see these# let 
us consider the following linear singular perturbation problem ; 

(9 #47) 


ey" + fCx)/ +g(x)y = 0# 0<x<l 
with y(0) = a and y(l) = 3# 


(9.48) 
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where e is a small positive parameter (0 < s << l)/ are 
given constants/ f(x) and g(x) are assiimed to be sufficiently 
continuously differentiable functions on [o, ij* Furthermore^ 
we assume that f(x) > M >0 throughout the interval This 

assumption merely iiftplies that the boundary layer will be in 
the neighbourhood of x == 0* The solution of problem (9*47) - 
(9*48) admits the resent at ion 

y = u(x)+v(t) + o(s) as e o'*" (9*49) 


uniformly in with U and V are respectively the solutions 

of reduced problem and the boundary layer correction problem* 
That is 



f(x)U' + g(x)u a 0 

with U(l) =3 

(9*50) 

(9.51) 

and 

V* + f(0)V' = 0 , t > 0 

(9.52) 


with v(o) = a-u(o), llm v(t) = 0# 

(9*53) 

Since from the theory of singular perturbations, we toow that 
the solution of boundary layer correction problem (9 #52) - 
(9*53) is insignificant outside the boundary layer region, we 
simply consider the following modified boundary layer correction 

problem : 

V" + f( 0 )v' = 0 , 0 < t < tp 

(9*54) 


with V(0) == V(tp) =0 

(9-55) 
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where is a terminal point or wic3th or thickness of the 
boundary layer^ Again/ from the theory of singular perturbations 
we know that U/ the solution of the reduced problem (9*50) - 
(9.*5l) is constant inside the boundary layer region.# That is 
in the boundary layer region 


U(x) U(0) as e -* o'*' 


(9#56a) 



(9^56b) 


forO< x< 3 ^ ase - Hence, in place of the boundary layer 

correction problon (9^54) “ (9^55), we get slrrply the following 
boundary layer problem (by making use of the transformation 


X 5= te and then rescaling 


y(x) = y(te) « Y(t) 

e s 

fix) = f(te) = p(t) 


(9 •57 a) 
(9.57b) 
(9.57c) 
(9#57d) 


as in Chapter 5) : 

Y*(t) + F(0)y’*(t) =0, 0 < t < tp (9.58) 

with Y(o) = a, Y(tp) = U(x^) = a (say)-» (9*59) 

Observe that this is identically the inner region problan of the 
Ch^ter 5 (compare with equations (5.12) *" (5.11)). 
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Thus In a manner of speaking^ we have shown that the 
boundary layer correction problan of this Ch^ter 9 and inner 
region problem of Chapter 5 are equivalent, as long as U, the 
solution of the reduced problem can be considered to be constant 
in the boundary layer region 

To gain further insight into the choice of the t 
terminal point of the boundary layer region, let us carry our 
discussion on linear pro blen (9 *47) - (9*48) a little further* 

As mentioned several times, we choose the t^ as 


tp « i . (9*60) 

Let us now derive lower bound for the t * To get this we 

XT 

impose the condition that the t is to be chosen such that 
the difference between the solution (say V) of problan (9*54) - 
(9*55) and the solution (say V) of problan (9*52) - (9*53) is 
0(e) or tends to zero as s -* 0 * Expressed mathanatically. 


IV-Vl = 0(8) for O < t < t (9.61) 

For problans (9*52) (9.53) and (9.54) - (9.55) we can ej^licitly 

find the solutions which are respectively 

V(t) = (a-U(0))+(a-U(0))(e^^°^'^-*l) = (a-U(O)) (9.62) 

and 

(a-u(O)) f(0)t ~f(0)t 

V(t) = (a-U(O)) + — ® ^ (9.63) 

(e ^ - l) 
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Thus 


V-V = -YCoTt 

(e P - 1) 


(9*64) 


Note that — II < 1 for all t > 0 so we obtain 


IV-VI < 


(e 


la-u(o) I 

f(ojt 

P - 1) 


(9,65) 


In order to have 

)a-U(0) J 

— fToTF - la-^{o)le (9,66) 

( e P 1 ) 

we choose t such that 

tp > - |Y ^- (log 2 - log e), (9*67) 

In particular, if e = 10~"^ , r > 0, the lower bound for t^ takes 
the form 


tp > (0*69 + 2 , 3 r)* 


(9*68) 


In general, including some nonlinear problems, (as suggested 
by Hsiao and Jordan [74], and Lorenz [9 5]), one may determine 
t without computing the ecxplicit solutions of problons (9»52) *“ 
( 9 , 53 ) and ( 9 * 54 ) - (9.55)* This is done by considering an 

inequality such as 

(9,69) 

For 6 = 10"“^, one obtains frm (9,69) the crude estimate 

y. go 3^ 


-f(o)t 

e P < S. 


( 9 , 70 ) 
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Thus we can summarize the above results as follows# 

Result : Let V,V be the solutions of problems (9^52) - (9#53) 

and (9 # 54 ) - (9^55) respectively* Let t be chosen such that 

Jtr 

it satisfies the above conditions then 

)V-Vf = 0(e) for 0 < t < tp 
i«e* jv«-vl -+ 0 as e -* 0*^ for 0 < t ^ t^* 

9j,6 CONCLUSIONS 

We have described the boundary value method for solving a 
class of nonlinear singular perturbation problems-* It provides 
an alternative and supplementary method to the conventional ways 
of solving ceitain classes of nonlinear singular perturbation 
problans* It is a practical method, easily irrplanented on a 
computer to solve certain classes of nonlinear singular 
perturbation problans with a modest amount of problem pr^aration* 
We have illustrated the method with three examples with 3mown 
solutions and have demonstrated that the boundary value method 
approximates the exact solution well* 
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Table 9 ml 

Computational results for Example e = 10**^ 


t 

p 

X 

5 

y(x) 

10 
y( x) 

Bender and Orszag* 
solution [ 22 ] 

o 

o 

0*0000000 

0-0000000 

0.0000000 

5^0(10“^ 

0-4340381 

0.4340188 

0-4331651 


0.5900430 

0-5900167 

0-589 3896 

2;. 5(10**^) 

0-66 389 21 

0*6638619 

0.66 37842 


0.6443570 

0.6443266 

0-6443255 

7i*5(l0“^) 


0-6208 263 

0.6208263 

O 

o 

1 


0.5978 370 

0.5978370 

0^2 



0-5108256 

0,*3 

0 .43078 29 

0.4307829 

0-4307829 

0^4 

0.3566749 

0.3566749 

0.3566749 

0^5 

0.2876821 

0.2876321 

0.2876821 

0 j»6 

0-2231435 

0.2231435 

0.2231435 

Ofl 

0-1625189 

0.1625139 

0.1625189 

0,.8 

0.1053605 

0.1053605 

0-1053605 

0^9 

0.05129 33 

0.0512933 

0,05129 33 

1-0 

0 iOOOOOOO 

0.0000000 

0.0000000 


Table 9*2 


Computational results for Example 9 e = lo“^ 


t -♦ 
p 

_ 

5 

y( x) 

10 

y(x) 

Bender and Orszag^s 
solution [ 22 ] 

o 

o 

0*0000000 

0,0000000 

0,0000000 

s-odo”^) 

0 *433 5 258 

0.4385065 

0.4376527 

1 * 0 ( 10 '^) 

0*59899 39 

0*5939676 

0.5983404 

2 * 5 ( 10 "^) 

0,6860878 

0*6860576 

0.6859799 

5 * 0 ( 10 “^) 

0*6831596 

0,6381292 

0,6831282 

7 . 5 ( 10 "^) 


0*6856750 

0*6856750 

1 * 0 ( 10 “^) 


0.68 31968 

0,6831968 

0*2 



0*5108256 

0*3 

0*43078 29 

0*43078 29 

0*43078 29 

Oi.4 

0*3566749 

0*3566749 

0*3566749 

0*5 

0*2876821 

0 * 287 68 21 

0.28768 21 

0^6 

0*2231435 

0*2231435 

0*2231435 

0^7 

0*1625189 

0*16 25189 

0*16 25189 

CO 

0 

0*1053605 

0*1053605 

0*1053605 

0^.9 

0*05129 33 

0.05129 33 

0.0512933 

1*0 

0,0000000 

0,0000000 

0.0000000 


Table 9*3 


Computational results for Example 9 #2, e = 10**^ 


t 

p 

5 

y(x) 

10 

y(x) 

Kevorkian and Cole's 
solution [84] 

0^.0 

-1.0000000 

-1 .0000000 

-1.0000000 

Si.odo*'^) 

1.1675228 

1.167 5186 

1.1529 59 3 

1^0(10*"^) 

2-477108 5 

2.4771040 

2-4659 397 

2j^.5(l0"^) 

3-018 2330 

3-018 2297 

3-0178623 

5i*0(l0“^) 

3.049 5000 

3.0494967 

3.049496 3 

7s*5(l0“^) 


3.0745000 

3.0745000 

i,,o(io“^) 


3.0995000 

3.0995000 

0.2 



3.1995000 

0.3 

3.2995000 

3.2995000 

3.2995000 

0..4 

3. 399 5000 

3.3995000 

3. 399 5000 

0*5 

3.499 5000 

3.4995000 

3.4995000 

0,.6 

3.599 5000 

3.5995000 

3.5995000 

Of! 

3.699 5000 

3.6995000 

3.699 5000 

OgS 

3.799 5000 

3.799 5000 

3*799 5000 

0,.9 

3.899 5000 

3-899 5000 

3.899 5000 

1-0 

3.9995000 

3-999 5000 

3.9995000 . 
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Table 9,4 

~ 3 

Computational results for Example 9,2, e = 10 


X 

5 

y(x) 

10 

y( x) 

Kevorkian and Cole's 
solution [84] 

o 

. o 

-1.0000000 

-1 ,0000000 

-1,0000000 

5,0(10”'^) 

1,1630228 

1,1630186 

1,1484593 

li,0(lo“^) 

2,4681085 

2,4631040 

2,4569 397 

2-.5(l0‘"^) 

2,9957 330 

2,9957 297 

2,99 53623 

5,0(10"^) 

3,0045000 

3,0044967 

3,004496 3 

7tf»5(l0”^) 


3,0070000 

3,0070000 

ii-odo*"^) 


3,009 5000 

3,0095000 

0^2 



3,1995000 

Oi.3 

3,2995000 

3,299 5000 

3,2995000 

0,.4 

3.399 5000 

3,399 5000 

3-3995000 

0,5 

3,499 5000 

3,499 5000 

3,499 5000 

0^6 

3,599 5000 

3.599 5000 

3,5995000 

0s?7 

3,699 5000 

3.6995000 

3,6995000 

00 

o 

3.7995000 

3,799 5000 

3,7995000 

0,,9 

3.8995000 

3,3995000 

3,3995000 

1,0 

3,999 5000 

3,999 5000 

3,9995000 
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Table 9^5 

Ccmputational results for Example 9-3# e =10 


X 

5 

y(x) 

10 
y( x) 

O'Malley's 
solution [ 113 ] 

-1^000 

0^0000000 

0,0000000 

0,0000000 

-0^99 5 

-0.2512424 

-0.2451582 

-0.2449183 

-0--990 

-0.47 33490 

-0.4625226 

-0.4621171 

-0^975 

-0.86377 24 

-0.8486840 

-0.343 23 36 

-0.#9 50 

-1 ,0000000 

-0.9867644 

-0.9866143 

-0^9 25 


-0.99899 20 

-0,9983944 

-0,,900 


-1,0000000 

-0.999909 2 

-0^8 



-1,0000000 

-0,,6 

-1,0000000 

-1 ,0000000 

-1.0000000 

•^ 0 /# 4 

L, 

-1 ,0000000 

-1.0000000 

-1.0000000 

-0^2 

-1,0000000 

-1.0000000 

-1 ,0000000 

0^0 

-1,0000000 

-1,0000000 

-1 ,0000000 

0,«2 

-1,0000000 

-1 ,0000000 

-1,0000000 

0^.4 

-1,0000000 

-1,0000000 

-1.0000000 

0i»6 

-1 ,0000000 

-1 ,0000000 

-1,0000000 

OffS 

-1,0000000 

-1 .0000000 

-1 .0000000 

1^0 

-1,0000000 

-1 ,0000000 

-1,0000000 
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Ta.t>ls 9 #6 

Computational results for Example 9*3, e = lo"^ 


t ^ 

p 

X , 

5 

y( x) 

10 

y(x) 

O'Malley's 
solution [113] 

“ 1(.0000 

0,0000000 

0,0000000 

0,0000000 

-Oj,999 5 

- 0,2512424 

- 0,2451582 

- 0,2449191 

- 0 i *9990 

- 0,47 33490 

- 0,4625226 

- 0,4621180 

- 0|*9975 

- 0,86377 24 

- 0.8486840 

- 0,848 28 33 

- Oi .99 50 

- 1,0000000 

- 0.9867644 

- 0,9866143 

~ 0 j ,99 25 


- 0,99899 20 

- 0,9988944 

- 0^9900 


- 1,0000000 

- 0,9999092 

- 0^8 

L 



- 1,0000000 

- 0,6 

- 1,0000000 

- 1 .0000000 

- 1 ,0000000 

0 

1 

- 1.0000000 

- 1 ,0000000 

- 1 ,0000000 

- 0,2 

- 1 .0000000 

- 1.0000000 

- 1 ,0000000 

o 

o 

- 1 ,0000000 

- 1 .0000000 

- 1 .0000000 

0,2 

-1 .0000000 

- 1 ,0000000 

- 1,0000000 

0,4 

- 1,0000000 

- 1,0000000 

-IJDOOOOOO 

0 i *6 

- 1,0000000 

- 1,0000000 

- 1 , 00.00000 

0^8 

- 1,0000000 

- 1,0000000 

- 1.0000000 

lifO 

- 1 , 0000000 . 

- 1,0000000 

- 1,0000000 


CHAPTER 10 


A NONASIMPTOTJC METHOD EOR GENERAL LINEAR 

singular perturbation problems 
10,1 iNT Rorucr ion 

In Cliapter 3/ we developed a nonas^^roptotic method for 
solving linear singularly perturbed two-point boundary-value 
problems with a left-end boundary layer. The motivating 
impulse for this method was to provide the practicing engineer 
or applied mathanfiatlcian a means of solving a class of singular 
perturbation problems in a routine manner. The method avoided 
the principal problen of the conventional techniques, namely, 
finding the appropriate asynptotic expansion. As part of a 
continuing effort to determine the applicability and the 
limitations of the nonasynptotic method, we have been attainting 
to solve general linear singularly perturbed tvro-point boundary- 
value problems in ordinary differential equations;* Singular 
perturbation problems with a right— end boundary layer, singular 
perturbation problems with an interior layer, and singular 
perturbation problons with two boundary layers, are warthy 
contenders, For a detailed discussion on the analytic theory 
of general singular perturbation problems, one may refer to 
O'Malley [ll3], and Kevorkian and Cole [84], 
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To make the chapter self-a?ntalned, we briefly review 
the nonasyn^totic method for solving singular perturbation 
problems with a left*”Qnd boundary layer# Than/ we extend the 
method to solve general linear singularly perturbed two-point 
boundary-value problems# Firstly, we discuss problems with a 
right-end boundary layer^ Secondly, we discuss problsns with 
an interior layer^ Finally, we discuss problems with two 
boundary layers^ To support our analytical develqpment, we 
present the numerical results of some model problsnSj# 

10s#2 NONASyMPTOTIC METHOD, LEFT-END BOUNDARY LAYER 

To recapitulate the nonasymptotic method, we consider 
the following singular perturbation problem ; 

ey^Cx) + a( x) y* C x) +b( x) y( x) = f(x), 0 < x< 1 (10#l) 

with yCo) = a and y{l) =8 (10#2) 

where e is a small positive parameter (0 < e « l)| (X,8 are 
given constants; a(x), b(x), and f(x) are assumed to be 
sufficiently continuously differratiable functions in [0,1]# 
Furthermore, we assume that a(x) > M >0 throughout the Interval 
[0,1], where M is some positive constant# This as suitpt ion merely 
implies that the boundary layer will be in the neighbourhood of 

X = 0# 

Let 6 be a small positive deviating argument (0 < 6 « l)^ 
By using Taylor series e35)ansion in the neighbourhood of the 
point X/ we have , ^ 

y(x-6) y(x)-6y'(x) + ^ y"(x) 


(10-#3) 
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and consequently, the equation (10#!) is replaced by the 
following first-order differential equation with a snail 
deviating argument : 


y'(x) = p(x)y(x-6) + q(x)y(x) + r(x) 

(10#4) 

6 < X < 1 vhere 


p(x) 

266 + 6 a(x) 

(10#5) 

266 + 6 a(x) 

(10#6) 

r(x) 

(10#7) 


256 + 


Transition from the equation (10<l) to equation (10^4) is 
admitted, because of the condition that 6 is small (0 < 6 « 1)* 
We solve the equation (10*4) by employing the Sitrp son's rule 
coupled with the discrete invariant imbedding algorithm* We 
repeat the process for different choices of the deviating argument, 
until the solution profiles stabilizes* Further details can be 
found in Chapter 3* 

10j#3 NONASmPTOTIC METHOD, RIGHT -END BOUNDARY LAYER 

We now assume that a(x) < M < 0 throughout the interval 
[0,1], where M is some negative constant# This assumption merely 
iinplies that the toundary layer will be In the neighbourhood of 

X = Ij# 

The evaluation of the right-end boundary layer for 
( 10,1)-(10.2) is stallar to that of the left-end boundary layer. 
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but there are some differences worth nothing. By using Taylor 
series e^^ansion in the neighbourhood of the point we have 

2 

y(x+ 6 ) « y(x) + sy'Cx) + ^ y*(x) ( 10 . 3 ) 

and consequently^ the equation (lO.l) is r^laced by the 
following first-order differential equation with a snail 
deviating argument : 

2 ey(xh 6 ) “ 2 ey(x) - 2 e 6 y'(x) + 6 ^a(x)y'(x) 

+ 6 ^b(x)y(x) = 6 ^f(x) ( 10 . 9 ) 

Transition frcm the equation (lO.l) to equation (10.9) is again 
admitted, because of the condition that 5 is small ( 0 < 6 « l). 
We rewrite the equation (10.9) in the following convenient form 

y'(x) 5 =p(x)y(x+ 6 ) + q(x)y(x) + r(x) (10. lO) 

for 0 < X < 1-6 where 

p(x) = — s — ( 10 . 11 ) 

6 a(x) - 256 

6"^a(x)-256 

r(x) = - — . (10.13) 

6 "^a(x )-^6 

We will now describe the numerical scheme for solving the 
equation (lO.lO),. As usual, we divide the interval [0,l] 
into N equal parts with mesh h,, 

i.e., b = and Xj^ » ih for i = 0 , 1 , K. 



201 


Integrating the equation (10«10) in for 

i = 1# 2, we get 

^i 

y(x^)-y(x^„ 2 ^ = [p(x)y(x+6)+q(x)y{x)+r(x) ] dx. (10^14) 

^i-1 

By making use of the SiiT 5 )son's lule for evaluating the integrals 
approximately^ we obtain 

yCxj)-y(x^.j) = |[ p(xj^_ji)y(xj^_j+ 6 ) ] 

+ 5 [p(Xj^)y(x^+6)] 

+ I [q(xi_i)y(xj^_l)] 

+ I [q(xj^>y(xi.)] 

+ "** ^ r(x^)]^ (10^15) 

By means of Taylor series expansion^ we have 

yC x+6 ) K y( x) + 6y' ( x) 

and, then by appixjxiraating y'(x) by interpolation formula, 
we get 

y(xi+6) SCI y(==i+i'' (io>i6) 

y(3=i-i+s) » + H (10.17) 

y( 2+6 ) B y( Xi_i/ 2 ' H y^ ' H y‘ =^ 1 + 1 ' ^ ‘ ' 


and 
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Hence^ by making use of equations (10.16), (10.17), and (lO.ls) in 
the equation (10.15) leads to 

= y<=SL-i> 

+ [g p(xj_j)+ ^ +g qtxj^)]y(xj^) 

+ [| pCxj^J] 

+ [f + f y'==i.V2> 

+ ^ + ^^^iH sf (10.19) 

Again, by using Taylor^ s theorem it is easy to show that 


X. )+y( X, ) , 

^^^i-1/2^ "5 ^ I Cy'Cx^-l5-y'(xjL)] + 0{h^). (10.20) 

In view of the equation (10 .10) and the above (10.20) we get 


y‘^i-1/2’ s| yt^-a> 



+ I [ p( x^-i> y( ^i-i+s ^i-i^y^ ^i-i 

•“ ^ [p(xjL)y(x£+6)+q(x^)y(x^)+r(xj_)] 
By making use of (10.21) in (10.19) we get 


)+r(x^_l)3 
. ( 10 . 21 ) 



203 


y(Xi)-y(x^„^) =[ ^ ^ P<x±-l/2^ + I 

+ ^ P^^i-1/2^ ^ q(x^) 

+ [^ p(x^)] y(x^_j_j^) 

+ C|p^Xi-iHf^^^i-V2^ + f^^^i-V2^^^ yCx^.j+e) 

*“C^(Xi)(f3^(x^.^/2^ + y(Xi+6) 

+ f^ " P^^-V2^ + T^ '3(Xi«3/2^)] hr(xj^) 

+ ^ r(x^^j^2^* (10,22) 

Finally, by making use of equations (10,16) and (10^17) in the 
equation (10*22) leads after simple manipulation (rearrangement) 
to the following three-tem recurrence relationship : 

^’lyi-i - Vi + =iVi = >^1 

for i = 1, 2 #^*«/N-ls; -vdiere 


/ 
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E. - fl + r, « 46 h 

i - Ll + -s- - -g- 


+ (| + ^ Pi.l + I Pi.i/j + qi_,/,)] (10-24) 


Pj = 


fl - £. r> ~ 46 ^ h-6 h 

LI F Pi-1 ~ Pl-1/2 ~ “T” Pi “ 5 : % 


■§ " I Pi-i + ^*Pi + I pi-V2'^'T 

(10^25) 

^i = " I Pi-1/2 %-l/2^^ ^Pi^ (10.26) 

^i “ ” U + I Pi-1/2 + ^ ^i-1/2^^ ^""i-l 
- [^ " I (f^ Pi-1/2 + ^ %-2/2^^ ^^i 

“ ^ '"i-1/2 (10.27) 

and Y± = y(x^)# Pi = p(xi), = q(x^)/ and = r(Xj^).# 

Ec^uation (lOj.23) gives a systen of (N-l) equations with (N+l) 
unknowns to yj^. The two given boundary conditions (10. 2 ) 
together with these (N-l) equations are then sufficient to 
solve for the unlcnowns y^i^'s. The matrix problan associated 
with the equation (10.23) is tridiagonal algebraic system and 
the solution of this tridiagonal system can easily be obtained 
by using an efficient algorithm called discrete invariant 
imbedding (Angel and Bellman [ 4 ]). 

Repeat the process for different choices of 6 (deviating 
argument, satisfying the condition, 0 < 6 « l), until the 
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of the nonasymptotic method for solving singular perturbation 
problems vd.th an interior layer. 

Problem 10*2 i Consider the following singular perturbation 
problem : 

ey*(x) + xy'(x) - y(x) = o, “1 < x < 1 (10*31) 

with y(-l) s 1 1 and y(l) = 2. (10*32) 

Equation (10*3l) is in the form of (10*l) with a(x) = x# b(x) = “l/ 
and f(x) = 0* For this problem, we have an interior layer of 
width 0(^/’e) at X = 0 (For details, see O'Malley [ll3]. Pages : 
168-17 2/ Equations : 8.1/ Case : i, and Kevorkian and Cole [84], 
Pages : 41—43/ Equations : 2* 3^76 and 2.3*77). 

We see that the function 

a(x) = X < O for — 1 < X < 0, (10*33) 

a(x) = X s= O for X = O, (10*34) 

a(x) = X > 0 for 0 < X < 1* (10*35) 

Hence, by making use of transitions ( Equations (10* 3) and (10 *8)) 
suggested for left— ^d and right— end boundary layers, we 
r^lace the equation (IO. 3 I) by the following first— order 
differential equations with a snail deviating argument : 

y'(x) = p(x)y(x+6)+q(x)y(x)+r(x) for -1 < x < - 6 ( 10 * 36 ) 

where p(x),q(x),and r(x) are given by(lO*ll) — (10.13), 
y* ( x) s= p ( x) y( X— 6)+g( x) yC x)+r( x) for 5 ^ x < 1/ 
where p(x), q(x) and r(x) are given by(10*5)— (i0*7.)* 


(10*37) 
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We now divide the Interval [-1,1] into N equal parts 
with mesh size h^ 

i.e., h = I and Xi = -1 + ih for i = 0,1,^.,.,N, 

Let us denote Then, Integrating 

the equation (lOj-ad) in for i = 1, 2^,.^-/L-l, 

and 

the equation (10^.37) in [x^#x^^J for i = LrH,L+2^ ^..^,N-i; 

we get a systen of (N-2) equations with (N+l) unknowns* 

From the given boundary conditions (10*32) we get two equations 

y^ = y{-l) = 1 , (10*38) 

Yn = y(l) = 2* (10*39) 

We need one more equation to solve for the unknowns 

(yQ#yi, •.•,yj^) * For this, we consider the original equation 

at X = xl =0, Since a(x) = o at x = 3 ^ = 0, we g^ the following 

ey*(xL) + b(xL)y(3{^) = f(xj^)* (10*40) 

By making use of the second-order central finite difference 
formula, we get the following equation from (10*40) : 


^L-1 ** [2S - 1^^^] YL+C®] Yl+1 - h%L* 


(10.41) 


With this equation (10*41), we now have (N+l) equations to solve 
for the unknowns ( Yq# Yj/ Y n^ ■* 

The process is to be r^eated for various choices of 6 , 
until the solution profiles do not differ materially from 
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iteration to iteration^ The numerical results for Problem 10^2 
are presented in the Table 10 ,* 3 ^ 10*4 for e = lo"^, 10 
respectively* 

10*5 NONASIMPTOTIC METHOD, TWD BOUNDARY LAYERS 


The suggestions given for interior layer problems apply 
mutatis mutandis to problems with two boundary layers* To 
Illustrate this, we will again consider the case where a(x) 
changes sign in the donain of interest* Without loss of 
generality, we take a(0) = 0, and the interval to be [-l,l]* 
Again, with the help of one model problem we demonstrate 
the applicability of the nonasymptotic method for solving 
singular perturbation problems with two boundairy layers* 


Problan 10*3 : Consider the following singular perturbation 


p robl am : 


ey*'(x) - xy^(x)-y(x) = o; -I < x < 1 


with y(-l) = 1, and y(l) =2. 


(10*42) 

(10*43) 


Equation (10*42) is in the form of (lO-l) with a(x) = -x, 
b(x) = -1 and f(x) =0* For this problem, we have two boundary 
layers, one at x = -1, and one at x = 1 (For details, see 
O'Malley [ill]. Pages : 168-173> Equations : 8.U Case : 11). 
We see that the function 


a( x) 

=s —x > 0 

for “1 5. 

o 

V 

X 

(10*44) 

a( x) 

= -X = 0 

for X = 

0, 

(10.45) 

a(x) 

s: •»X ^ 0 

for 0 < 

X < 1* 

(10*46) 
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Hence, by making use of transitions ( Equations (10^3 ) and (10^8) ) 
suggested, for left— end and right— end boundary layers, we 
replace the equation (10.42), by the following first-order 
differential equations with a small deviating axgument : 

y'(x) = p(x)y(x-5)+q(x)y(x)+r(x) for -1+6 < x < 0, ( 10.47 ) 

where p(x),q(x), and r(x) are given by (lO.S) -(10.7 ), 

y^(x) = p(x)y(xH-6)+q(x)y(x)+r(x) for 0 < x < 1-6 / (10.48) 

where p(x), g(x), and r(x) are given by(10,ll) -(10^13 

As usual, we divide the interval [-1,1] into N equal 
parts with mesh size h, 

2 

i.e., ^ = N = -1 + ih for i = 0, 1, »..,N;. 

Let us denote ^ = L.. Then, integrating 

the equation (10i*47) in ^ = 1, 2 ,* 5 ;.,L-lj 

and 

the equation (10*48) in [x^„j^>rx^] for i = L+1,L+2,**.,N— l; 

we get a systan of (N— 2) equations with (N+l) unknowns* 

From the boundary conditions (10*43) we have two equations 

y^ = y(-l) = 1 , (10.49) 

y^ = y(l) = 2. (10.50) 

We need one more equation to solve for the unknowns# As in the 
previous case, we again consider the original equation at x= 3 ^= 0 # 
Since a(x) = 0 at x » x^ = 0, it leads to 

6y" (x^) + Kx^) yCx^) = 


(10.51) 
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Again by using the second-order central finite difference formula, 
we get the following equation from (10,51) : 

Yl-i - [2e-h\] yj, + [s] y^j , h\, (10.52) 

Hence^ with this equation (10,52), we now have (N+l) equations 
to solve for the unknowns (y^,y^, , 

The process is to be r^eated for various choices 
of 6 , until the solution profiles stabilize , The numerical 
results for Problem 10,3 are presented in the Table 10,5,, 10,6, 
for e s= 10 10 respectively, 

10,6 DISCUSSION 

As mentioned, the method is iterative on the deviating 
argument 6 « The process is to be repeated for different 
choices of 6 (deviating argument), until the solution profiles 
do not differ materially from iteration to iteration. The 
choice of 6 is not unique tut can assume any number of values 
satisfying the condition^ 0 < 6 « 1, To reduce the amount of 
computation, we fix the mesh size h and vary the deviating 
argument 6 , Finally, we pick up the smallest value of 6 which 
produces the required accuracy. We have implemented this method 
on three model problems, a singular perturbation problem with 
a right-Qid boundary layer, a singular perturbation problen 
with an interior layer, and a singular perturbation problen with 
two boundary layers, by taking different values for e. The 
numerical results are presented in Tables 10,1 - 10j*6, We have 
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given here only a few values although the solutions are computed 
at all the points with mesh size h. It can be observed from 
the tables that the present method approximates the exact 
solution very well^ This shows the efficiency and accuracy of 
the present method# 

10ml CONCLUSIONS 

We have shown that the nonasynptotic method is capable 
of solving general linear singularly perturbed two-^oint boundary 
value problOTSj. This method provides an alternative and 
supplementary technique to the conventional ways of solving 
singular perturbation problems# It is a practical method, 
easily implanented on a conputer to solve singular perturbation 
problems with a modest amount of problem pr^aration# We have 
illustrated the method with three model problons and have 
demonstrated that the nonasymptotic method approximates the 
exact solution well# 
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Nijmerical results for 


6 

e 

X 

y( x) 

0-00 

1-0000000 

O 

o 

0.9999999 

o 

o 

0-9999999 

0^.30 

0-9999999 

0,.40 

0-9999999 

0-50 

0-9999999 

Oj.60 

0-9999999 

0^.70 

0-9999999 

0i.80 

0-9999999 

0-90 

0-9999990 

0 1^.91 

0.9999961 

Oj.9 2 

0-9999847 

0-9 3 

0.9999 389 

0-94 

0.9997 558 

0-95 

0.9990234 

0-96 

0.99609 37 

0-97 

0.9843749 

0-98 

0.9 37 5000 

0-99 

0 ,7 500000 

1-00 

0.0000000 


Table lO.l 
Problan 10 #1, e = 10 

56 

y( x) 

1,0000000 
0.9999999 
0.9999997 
0^9999996 
0..999999 5 
0,. 9999994 
0-999999 3 
0-999999 2 
0-9999991 
0-9999990 
0-9999990 
0-9999990 
0-9999990 
0-9999989 
0.9999980 
0.99998 37 
0.9997548 
0.99609 27 
0.9 374990 
0-0000000 


^ and h = 0-01 

106 

y(x) 

1-0000000 
1-0000000 
1-0000000 
1-0000000 
1,,0000000 
lj.0000000 
1-0000000 
1-0000000 
1-0000000 
1-0000000 
Ij-OOOOOOO 
1-0000000 
1-0000000 
1-0000000 
0-9999999 
0-9999989 
0-9999664 
0-9989 594 
0-9677419 
0-0000000 
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Table 10*2 


Niimerical results for Problem 10*1, e 


10 ^ and h = 0#01 


6 ^ 

X 

e 

y(x) 

Se 

y(x) 

loe 
y( x) 

o 

o 

o 

1 *0000000 

1.0000000 

1.0000000 

0,,10 

1*0000054 

1.0000001 

1*0000001 

0*20 

1*0000108 

1.0000002 

1*0000002 

0^.30 

1*0000162 

1*0000003 

1*0000003 

0;.40 

1*0000215 

1*0000004 

1*0000004 

Oi.50 

1*0000269 

1.0000006 

1*0000004 

4* 

0^.60 

1*0000322 

1*0000007 

1*0000005 

0,.70 

1*0000376 

1*0000008 

1*0000006 

0*80 

1*0000430 

1*0000009 

1^0000007 

0,.90 

1*0000474 

1*0000010 

1*0000008 

0,.91 

1.0000451 

1.0000010 

1*0000008 

0*9 2 

1.0000342 

1 *0000010 

1*0000008 

0*9 3 

0*9999889 

1*0000010 

1*0000008 

0*94 

0*9998063 

1.0000010 

1*0000008 

0*9 5 

0*9990744 

1*0000001 

1*0000003 

0*96 

0.9961451 

0*99998 57 

0*9999997 

0*97 

0.9844262 

0*9997 569 

0*9999673 

0*98 

0*9 37549 2 

0*9960947 

0*9939602 

0*99 

0*7500396 

0*9 375009 

0*9677427 

r% 

O 

O 

0*0000000 

i 

0*0000000 

0*0000000 
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Table 10»3 

Numerical results for Problan 10*2/ e = lO*”^ and h = 0*01 


6 

X 

e 

y ( x ) 

3 S * 

y ( x ) 

5 e 

y ( x ) 

-1#00 

1*0000000 

1.0000000 

1.0000000 

••0^90 

0.899999 2 

0.8999998 

0*9000000 

-0*70 

0.699999 3 

0.6999996 

0*7000000 

-0*50 

0*4999964 

0.4999996 

0*5000000 

1 

O 

0*2999967 

0*2999995 

0*3000000 

-0*10 

0*1032475 

0.1001375 

0*1000160 

a. 

-0 j ,08 

0.0866667 

0*08059 57 

0*0801176 

-0(,06 

0*07 2786 3 

0.0622006 

0*0606941 

— 0 j «04 

0*06^29 3 

0.0468978 

0*043259 2 

-0^0 2 

0*0585014 

0*0382678 

0*0319909 

O 

o 

o 

0*06067 50 

0*0408 542 

Oj .034^21 

0*02 

0*0785011 

0*058 2681 

0*0519913 

0^04 

0*1029 288 

0.0868932 

0*08 32593 

0*06 

0*1327857 

0*1222010 

0*1206948 

0*08 

0.1666660 

0.1605961 

0*160118 3 

O 

o 

0.2032466 

0.2001379 

0*2000167 

0*30 

0.5999947 

0.5999 99 5 

0*6000006 

0*50 

0.99999 39 

0.9999994 

1*0000005 

O 

o 

1.3999956 

1*399999 5 

1,4000003 

0*90 

1.7999980 

1*7999997 

1*8000001 

O 

O 

2.0000000 

2.0000000 

2*0000000 
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Table 10^4 


Numerical results for Pzoblan 10-2, e = lo"^ and h = O-Ol 


6 -* 

X 

e 

y ( x ) 

3 e 

y( x) 

5 S 

y( x ) 

- 1,-00 

1-0000000 

1,0000000 

1.0000000 

- 0-90 

0.8999949 

0-8999997 

0-9000000 

•- 0#70 

0,6999869 

0.7000010 

0-7000002 

- 0-50 

0-4999362 

0-5000013 

0-5000003 

- 0-30 

0.2999888 

0 , 3000019 

0.3000000 

- 0-10 

0.1011440 

0-1000631 

0-1000080 

CO 

o 

♦. 

0 

1 

0-08 23567 

0-0302687 

0,0800581 

- 0-06 

0-0645274 

0.0609897 

0-0603426 


0.0481252 

0.0430999 

0-0416086 

- 0-02 

0-0 336481 

0-028 208 3 

0-025918 3 

Oj-OO 

0.0215117 

0-018 3565 

0-0168311 

0^.02 

0-0536457 

0.048 2087 

0-0459187 

0-04 

0-0881205 

0-08 31005 

0-0816091 

Oj-oe 

0-1245216 

0-12099 04 

0-1203432 

Oj-08 

0-1623499 

0-1602695 

0-1600536 

0-10 

0-2011346 

0 - 20006 38 

0-2000085 

0-30 

0.5999 607 

0-6000034 

0-6000012 

o 

o 

0.9999656 

1.0000030 

1-0000012 

0-70 

1-3999826 

1-4000015 

1-4000008 

0-90 

1-7999879 

1-3000000 

1-8000002 

• 

o 

o 

2-0000000 

2.0000000 

2-0000000 


216 


Table 10.. 5 

Numerical results for Problem 10.3, e =10 and h = 0.01 


6 -*• 

X 

y(x) 

3 e 

y(x) 

5 e 

y( x) 

-1.00 

1.0000000 

1.0000000 

1.0000000 

- 0.98 

0.06 39 312 

0.0102757 

0.0040135 

- 0^96 

0.0042141 

0.0001095 

0.0000167 

- 0.94 

0.0002865 

0.0000012 

0.0000000 

- 0.9 2 

0.0000201 

0.0000000 

0,0000000 

^ 0#90 

0.0000014 

0.0000000 

0.0000000 

-0.70 

0.0000000 

0.0000000 

0.0000000 

I 

O 

o 

0.0000000 

0.0000000 

0.0000000 

- 0.30 

0.0000000 

0.0000000 

0.0000000 

-0.10 

0.0000000 

0.0000000 

0.0000000 

o 

o 

o 

0.0000000 

0.0000000 

050000000 

o 

O 

0.0000000 

0 ,0000000 

0.0000000 

0^.30 

0,. 0000000 

0 .0000000 

0.0000000 

0.50 

0.0000000 

0 .0000000 

0.0000000 

O 

o 

0.0000000 

0.0000000 

0.0000000 

o 

o 

0.0000029 

0.0000000 

0.0000000 

Oi .9 2 

0.0000402 

0.0000000 

0.0000000 

0.94 

0.00057 30 

0.0000024 

0.0000001 

0.96 

0.0084281 

0.0002191 

0.0000335 

0^98 

0.1278624 

0.0205515 

0.0080371 

o 

o 

2.0000000 

2.0000000 

2.0000000 
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Table 10.6 

Numerical results for Problem 10 . 3 ^ e = and h = 0.01 


6 

X 

e 

y ( x ) 

38 

y ( x ) 

5 e 

y ( x ) 

- 1.00 

1.0000000 

1.0000000 

1.0000000 

- 0.98 

0.0639 312 

0.01027 57 

0 . 0040 IS 5 

- 0.96 

0.0042141 

0.000109 5 

0.0000167 

- 0.94 

0.0002865 

0.0000012 

0.0000000 

- 0.9 2 

0.0000201 

0.0000000 

0.0000000 

1 

o 

o 

0,0000014 

0.0000000 

0.0000000 

- 0.70 

0 .0000000 

0.0000000 

0.0000000 

- 0.50 

0.0000000 

0.0000000 

0.0000000 

- 0.30 

0 .0000000 

0.0000000 

0.0000000 

- 0.10 

0.0000000 

0 -.0000000 

0.0000000 

0.00 

0 .0000000 

0.0000000 

0.0000000 

0.10 

0.0000000 

0 .0000000 

0.0000000 

0.30 

0.0000000 

0.0000000 

0.0000000 

0.50 

4 . 

0.0000000 

0 .0000000 

0.0000000 

O 

o 

0.0000000 

0.0000000 

0.0000000 

0.90 

i. 

0.0000029 

0.0000000 

0.0000000 

0.9 2 

0.0000402 

0.0000000 

0.0000000 

0.94 

0.00057 30 

0.0000024 

0.0000001 

0.96 

0.0034231 

0.0002191 

0.0000335 

0.98 

0.1278624 

0.0205515 

0.0080371 

1.00 

2.0000000 

2.0000000 

2.0000000 
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